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^ subject in a simple manner for the benefit of beginners, and 
at the same time to include in one volume all that students 



PKEFACE. 



I HAVE endeavoured in the following Treatise to exhibit the 



usually require. In addition, therefore, to the propositions 
which have always appeared in such treatises, I have intro- 
duced the methods of abridged notation^ which are of more 
recent origin ; these methods which are of a less elementary 
character than the rest of the work, are placed in separate 
chapters, and may be omitted by the student at first. 

The examples at the end of each chapter will, it is hoped, 
fiimish sufficient exercise on the principles of the subject, 
as they have been carefully selected with the view of illi^s- 
trating the most important points, and have been tested by 
repeated experience with pupils. At the end of the volume 
will be found the results of the examples, together with hints 
for the solution of some which appear difficult. 

The properties of the parabola, ellipse, and hyperbola, have 
been sepa:cately considered before the discussion of the general 
equation of the second degree, from the belief that the subject 
is thus presented in its most accessible form to students in 
the early stages of their progress. 

I. TODHUNTEK. 

St John's Collbge^ 
Jiily, 1866. 
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CHAPTER L 



CO-OEDINATES OF A POINT. 



' 1. In Plane Oo-ordinate Greometiy we investigate the 
■' properties of straight lines and curves lying in one plane 
by means of co-<yrdinates ; we commence by explammg what 
i we mean by the co-ordinaies of a point. 
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Let be a fixed point in a plane through which the lines 
X'OX^ Y*OY^ are drawn at right angles. Let Pbe any 
other point in the plane; draw Pif parallel to OF meeting 
OX in M, and PJyparallel to OX meeting OY'mN. The 

J)08ition of Pis evidently known if OJIf and ON axe known; 
or if through NsaiA. Jf lines be drawn parallel to OX and 
OY respectively, they will intersect in P. 

The point is called the origin; the lines OX and OY 
axe called aae$; OM is called the ctbaciaaa of the point P; and 
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2 CO-ORDINATES OF A POINT. 

ON, or its equal MP, is called the ordinate of P. Also OM 
and MP are together called co-ordinates of P. 

2. Let OM=a, and ON=b, then according to our defi- 
nitions we may say that the point Phas its abscissa equal to a, 
and its ordinate equal to b; or, more briefly, the co-ordinates of 
the point P are a and b. We shall often speak of the point 
which has a for its abscissa and b for its ordinate, as the 
point (a, b). 

3. A distance measured along the axis OX is however 
most frequently denoted by the symbol x, and a distance 
measured along the axis Y by the symbol y . Hence OX 
is called the axis of x, and Y the axis of v. Thus x and y 
are symbols to which we may ascribe different numerical 
values corresponding to the different points we consider, and 
we may express the statement that the co-ordinates of P are 
a and &, thus — for the point P, x = a and y = b. 

4. The lines X'OX, Y'OY, being indefinitely produced 
divide the plane in which they lie into four compartments. 
It becomes therefore necessary to distinguish points in one 
compartment from points in the others. For this purpose 
the following convention is adopted, which the reader has 
already seen in works on Trigonometry ; lines measured along 
OX are considered positive and along OX' negative ; lines 
measured along Y are considered positive, and along Y' 
negative. If then we produce PN to a point Q such that 
NQ = iVP, we have for the point Q, x^ — a, y = b. If we 
produce PM to R so that MR = MP, we have for the point 
E^ x = a, y^ — b. Finally if we produce PO to 8 so that 
08= OP, we have for the point 8, x='-a, y^ — b. 

5. In the figure in Art. 1 we have taken the angle YOX 
a right angle ; the axes are then called rectangular. If the 
angle YOX be not a right angle, the axes are called oblique. 
All that has been hitherto said applies, whether the axes are 
rectangular or oblique. We shall always suppose the axes 
rectangular unless the contrary be stated ; this remark allies 
both to our investigations and to the examples which are given 
Jbr the exercise of the student. 



POLAB CO-ORDINATES OP A POINT, 3 

6. Another method of determining the position of a point 
in a plane is by means oi polar co-ordinates. 




j Let be a fixed point, and OX a fixed line. Let P be 
any other point; join OP; then the position of P is determined 
if Tve know the angle XOP and the distance OP. The angle 
is usually denoted by and the distance by r. 

O is called the jpole, OX the initial line; OP the radma 
vector of the point P, and POX the vectorial angle. 

. 7. The position of any point might be expressed by 
' positive values of the polar co-ordinates and r, since there 
IS here no ambiguity corresponding to that arising firom the 
[ four compartments of the figure in Art. 4^ It is however 
' found convenient to use a similar convention to that in 
Art. 4 ; angles measured in one direction firom OX are con- 
sidered positive and in the other negative. Thus if in the 
figure XOP be a positive angle, XOQ will be a n^ative 
angle; if the angle XOQ be a quarter of a right angle, we 

J may say that for XOQ, ^ = -" o • It is, as we* have stated, 

not absolutely necessary to introduce negative angles but con- 
venient — ^the position of the line OQ, tor instance, might be 
determined by measuring fi:om OX in the positive direction 

an angle = 27r — - as well as by measuring an angle in the 

TT 

negative direction = - . 

Also positive and negative values of the radius vector are 
admitted. Thus, suppose the co-ordinates of P to be j and a, 

1—2 



4 CO-ORDINATES OP A POINT, 

that is, let XOP^j and OP^a; produce PO to P\ so 

that OP' = OP, then P* may be determined by saying its 

co-ordinates are 7 and — a. Thus when the radius vector is a 

negative quantity, we measure it on the same line as if it had 
been a positive quantity but in the apposite direction from O* 

8. Let X, y, denote the co-ordinates of P referred to OJT 
as the axis of a?, and a line through perpendicular to OX as 
the axis of y. Also let and r be the polar co-ordinates 
of P. K we draw from P a perpendicular on OX, we see 
that 

x = r cos ^, and y = r sin 0. 

These equations connect the rectangular and polar co-ordi* 
nates of a point. From them, or from the figure, we may 
deduce 

a? + y' = r», ^ = tan(?. 
^ X 

9. We proceed to investigate expressions for some geome* 
trical quantities in terms of co-ordinates. 

To find an expression far the length of the line Joining two 
points. 




Let P and Q be the two points ; m the inclination of the 
ftxes OX, OY. Draw PM, QN, parallel to OY; let a?„ y„ be 



LENGTH OF A LINE. 6 

the co-K)rdinates of P, and o^ y,, those of Q, Draw PB 
parallel to OX. Then, by Trigonometry, 

PQ^ = PB^ + QB' - 2PB. QB cos PBQ 
= PJB* -f QB"" + 2PB. ^iJ cos (o. 

But PB=:ajj — a?j, and QB = y^ — y^; therefore 

and thus the distance PQ is determined. 
If the axes are rectangular, we have 

P<2« = (a!.-a:0»+(y.-yJ' (2). 

The student should draw figures placing P and Q in the 
different compartments and in different positions ; the equa- 
tions (1) and (2) will be found universally true. 

From the equation (2) we have 

PQ'^x,'+y,' + x,' + y,'^2{x,x, + yjf;j (3). 

The following particular cases may be noted. 
If Pbe at the origin aji = and yj = 0; thus 

PQ'=^x,'+y,\ 

KPbe on the axis of a; and Q on the axis of y, ^^ = and 
a?j = 0; thus 

Let 0^, rj, be the polar co-ordinates of P, and 0^ r^ those of 
Q ; then, by Art. 8, 

ajj = rj cos 0^j y^ = r^ sin ^j, 

a?j = r J cos ^j, y, = r, sin 0^ 

Substitute these values in (3) and we have 

PQ« = r,* + r,*-2r,r,cos(^,-^J. 

This result can also be obtained immediately from the tri- 
angle POQ formed by drawing lines from P and Q to the 
origin. 
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CO-ORDINATES OF A POINT. 



10. To fmd the co-^yrdinaJtes of the point which divider in a 
given ratio the line joining two given points. 




Let A and B be the given points, x^, y^, the co-ordinates 
of -4, and a?,, y^, those of B\ and let the required ratio be 
that of Wj to Wj. Suppose (7 the required point, so that 
AOi OB :: n^ : n^ Draw the ordinates AL, BM^ CN; and 
AB parallel to OX meeting CN in 2). Let cc, y, be the 
co-oroinates of 0. 

It is obvious from the figure that 

LNADAG 
NM" DR" CB' 



that is 



^-^i_^i. 



ajj — oj 



n„ 



% 



Similarly, 



n^ + % 



Li this article the axes may be oblique or rectangular. A 
simple case is that in which we require the co-ordinates of a 
point midway between two given points ; then n^ = n^ and 



AREA OF A TRIANGLE. 7 

11* To express the area of a triangle in terms of the co^ 
ordinates of its angular poirds. 

Let ABC be a triangle ; let x^y y., be the co-ordinates of 
JL ; a7j, ^2, those of 5; x^^ y^, those of C. Draw the ordinates 
-^i, JBM^ ON, The area of the triangle is equal to the 
trapezimn ABML + trapezium BGNM— trapezium A CNL. 




The area of the trapezium ABLM is i^LM{AL-\- BM), 
This is obvious, because if we join BL we divide the trape- 
zium into two triangles, one having AL for its base and the 
other BM, and each having LMiox its height ; 

thus, trapezium ABML = i (aj^ — ccj {y^ + y^ ; 

Also, trapezium BCNM= \ [x^ — x^ {y^ 4- y^) ; 

and, trapezium A CNL =:^ (x^ — x^ {y^ -f y^ ; 

therefore triangle ABC 

= \[{x^''X^{y,+y^-^'{x^-'X^{y^+y^-{x^-'X,){y^+y^]. 

This expression may be written more symmetrically thus ; 

i {(a^2~^i) (ya+yJ + (^3-^2) (ys+^a) + (^1 -'^s) (yi+y3)}-(i)- 

By reducing it, we shall find the area of the triangle 

^il^ayi-a^iy^ + a^sya-^s^s+^iys-a^syi} (2). 

If the axes be oblique and inclined at an angle ©, the area 
of the trapezium ABML = \ LM{AL + BM) sin ©, and simi- 
larly for the other trapeziums. Thus the area of the triangle 



8 LOCUS OF AN EQUATION. 

will be found by multiplying the expressions given above 
by sino). 

However the relative situations of A, B, C, may be changed, 
the student will always find for the area of the triangle the 
expression (2), or that expression with the sign of every term 
changed. Hence we conclude, that we shall always obtain 
the area of the triangle by calculating the value of the expres- 
sion (2), and changing the sign of the result if it should prove 
negative. 

Locus of an equation. Equation to a cwrve, 

12. Suppose an equation to be given between two unknown 
quantities, for example, y — a; — 2 = 0. We see that this 
equation has an indefinite number of solutions, for we may 
assign to x any value we please, and firom the equation deter- 
mine the corresponding value of y. Thus corresponding to 
the values 1, 2, 3, ... of a?, we have the values 3, 4, 5, ... of y. 
Now suppose a line, straight or curved, such that it passes 
through every point determined by giving to x and y values 
that satisfy the equation y — a; — 2 = ; such a line is called 
the hcus of the equation. It will be shewn in the next 
chapter that the locus of the equation in question is a straight 
line. We shall see as we proceed that generally every equa- 
tion between the quantities x and y has a corresponding locus. 

But instead of starting with an equation aad investigating 
what locus it represents, we may give a geometrical definition 
of a curve and deduce from that definition an appropriate 
equation; this will likewise appear as we proceed; we shall 
take successively different curves, define them, deduce their 
equations, and then investigate the properties of these curves 
by means of their equations. We snail in the next chapter 
begin with the equation to a straight line. 

The connexion between a hcus and an equation is the 
fundamental idea of the subject and must therefore be carefiilly 
considered ; we shall place here a formal definition which we 
shall illustrate in the next chapter by applying it to a straight 
line, 

Dep. The equation which expresses the invariable rela- 
tion which exists between the co-ordinates of every point of a 



EQUATION TO A CUBVE. 9 

curve is called the equation to the curve ; and the curve, the 
co-ordinates of every point of which satisfy a given equation, 
is called the locus of that equation. 

13. The student had probably already become familiar 
with the division of algebraical equations into equations of 
the first, second, third ... degree. When we spe^k of an 
equation of the n^ degree between two variables we mean 
that every term is of the form Ax^y^ where a and ^ are zero 
or positive integers such that a + /8 is not greater than w, A is 
a constant numerical quantity, and the equation is formed 
by connecting a series of such terms by the signs -h and — , 
and putting tne result = 0. 

EXAMPLES. 

1. Find the polar co-ordinates of the points whose rect- 
angular co-ordinates are 

(1) 05 = 1, y = l; (2) a; = -l, y = 2; 

(3) a?=:-l, y=l; (4) aj = -i;y=-l; 

and indicate the points in a figure. 

2. Find the rectangular co-ordinates of the points whose 
polar co-ordinates are 

(1) B = \, r = 3; (2) ^ = -f , »- = 3; 

(3) e = \, r = -3; (4) 5=-|, r^-Z; 

and indicate the points in a figure. 

3. The co-ordinates of P are —1 and 4, and those of ^ are 
3 and 7 ; find the length of FQ. 

4. Find the area of the triangle formed by joining the first 
three points in question 1. 

5. ^ is a point on the axis of x and B a point on the 
axis of y ; express the co-ordinates of the middle point of 
AB in terms of the abscissa of ^ and the ordinate of B ; shew 
also that the distance of this point from the origin = \ AB. 
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10 EXAMPLES, 

6. Transfonn equation (2) of Art. 11 so as to give an 
expression for the area of a triangle in terms of the polanr 
co-ordinates of its angular points. Also obtain the result 
directly from the figure. 

7. A and B are two points and is the origin ; express 
the area of the triangle AOB in terms of the co-ordinates of 
A and 5, and also in terms of the polar co-ordinates of A. 
and jB. 

8. A^ J5, C, are three points the co-ordinates of which are 
expressed as in Art. 11 ; suppose B the middle point of AB'; 
join GB and divide it in (^ so that C0 = 2GB; find the 
co-ordinates of O. 

9. Shew that each of the triangles GAB, GBC, GAG, 
formed by joining the point G in the preceding question to 
the points A, B, C, is equal in area to one third of the 
triangle ABC. See Art. 11. 

10. A and B are two points ; the polar co-ordinates of A 
are 0^, r^; and those of B are 0^, r^, A line is drawn from 
the origm bisecting the angle AOB; if (7 be the point 
where this line meets AB shew that the polar co-ordinates 

of Cf are« = i(^. + ^,) and r = ^r!!k£2iifc^. 

^1 + ^2 

11. Find the value of CB^ and AB^ in question 8 in terms 
of the co-ordinates there used ; and shew that 

AC' + BC'=2GB' + 2AB\ 

12. Find the value of GA\ GB\ and GG\ in question 
9 in terms of the co-ordinates there used ; and shew that 

Z{GA^+ GW^ GG^)=AE' + BG'^- CA\ 
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CHAPTER II. 



ON THE STRAIGHT LINE. 



14. Tojind the equation to a straight line. 




We shall first suppose the line not parallel to either axis. 

Let ABD be a straight line meeting the axis of y in B. 
Draw a line OE through the origin parallel to ABD. In 
ABD take any point P; draw Pi^ parallel to OF, meeting 
OX in if and 0^ in Q. 

Suppose OB=c, and the tangent of EOX^m\ and let 
a?, y, cie the co-ordinates of P; then 

y = PM=PQ-^QM 

= 0B+ QM 
^c+OMtanQOM 

Hence the required equation is 

y = mx + c. 
OB is called the intercept on the axis of y : if the line 
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EQUATION TO A STRAIGHT LINE. 



crosses the axis of y on the negative side of 0, c will be 
negative. 

m is the tangent of the angle QOMoft BAOy that is, the 
angle which tnat part of the line which is above the axis of 
X makes with the axis of x produced in a positive direction. 
Hence if the line through the origin parallel to the given line 
falls between OF and OX^ m is the tangent of an acute angle 
and is positive; if between OY and OX produced to the left, 
m is the tangent of an obtuse angle and is negative. So long 
as we consider the same straight line m and c remain unchange- 
able, they are therefore called cmistant quantities or constarUs. 
But X and y may have an indefinite number of values since we 
may ascribe to one of them, as cc, any value we pleas^, and find 
the corresponding value of y from the equation y = Tnx + c ; 
X and y are therefore called variable quantities or variables. 

If the line pass through the origin, c = 0, and the equation 
becomes 

15. We have now to consider the cases in which the line 
is parallel to one of the axes. 

If the line be parallel to the axis of a;, w = 0, and the 
equation becomes 

y = c. 

K the line be parallel to the axis of y, m becomes the 
tangent of a right angle and is infinite ; the preceding investi- 
gation is then no longer applicable. We shall now give 
separate investigations of these two cases. 

To investigate the equation to a line parallel to one of the 
axes. 





r 


D 








B 


P 


ft 








K 


'\/ 






A 






x? 


o 


1 


4. 


X 



■" 



EQUATION OF THE FIRST DEGREK 13 

First suppose the line parallel to the axis of x. Let BC be 
the line meeting the axis of y in 5; suppose OB^h. 

Since the line is parallel to the axis of x, the ordinate PM 
of any point of it is equal to OB. Hence calKng y the 
ordinate of any point P, we have for the equation to ti&e line 

y = b. 

Next suppose the line parallel to the axis of y. Let AD 
be the line meeting the axis of a; in ^ ; suppose OA = o. 
Since the line is parallel to the axis of y, the abscissa of any 
point of it is OA. Hence calling x the abscissa of any 
point, we have for the equation to the line 

x = a. 

16. We have thus proved that any straight line whatsoever 
is represented by an equation of the first degree; we shall 
now shew that any equation of the first degree represents a 
straight line. 

The general equation of the first degree is of the form 

Ax-hBy+G=0 (I), 

Ay Bj Cy being finite or zero. 

First suppose B not zero ; divide by By then firom (1) 

y=._|__a, (2), 

Now we have seen in Art. 14, that if a line be drawn 

G 
meeting the axis of y at a distance — -^ firom the origin 

and making with the axis of a; an angle of which the tangent 

A 
is — -^ , then (2) wUl be the equation to this line. Hence (2), 

and therefore also (1), represents a straight line. 

If -4 = 0, then by Art 15 the line represented by (1) is 
parallel to the axis of x. 

If J5=0, then (1) becomes 

Ax-\- (7=0, 



14 



or 



EQUATION IN TERMS OP THE INTEBCEPTS. 



G 



^-"Jy 



and from Art. 15 we know that this equation represents a line 
parallel to the axis of y . 

Hence the equation Ax + By-\' (7=0 always represents a 
straight line. 

17. Equation in terms of the intercepts. The equation to 
a line may also be expressed in terms of its intercepts on 
the two axes. 




Let A and B be the points where the straight line meets 
the axes of x and y respectively. Suppose OA = a, OB = h. 
Let P be any point in the line ; Xy y, its co-ordinates ; draw 
PM parallel to OY. Then by similar triangles, 

PM AM 



that is 





0B~ 


' AO' 




2 = 

h 


a — x 

• 

a ' 


X 

• 

a 


-f- 


1. 



18. It will be a usefal exercise for the student to draw the 
straight lines corresponding to some given equations. Thus 
suppose the equation 2y-{-Sx = 7 proposed ; since a straight 
line is determined when two of its points are known, we may 
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find in any manner we please two points that lie on the line, 
and by joining them obtain the line. Suppose then a? = 1, it 
follows from the equation that y = 2 ; hence the point which 
has its abscissa = 1 and its ordinate =2 is on the line. Again, 
suppose x = 2, then y == J ; the point which has its abscissa 
= 2, and its ordinate = ^, is therefore on the line. Join the 
two points thus determined and the line so formed, produced 
indefinitely both ways, is the locus of the given equation. 
The two points that will be most easily determined are 
generally those in which the required line cuts the axes. 
Suppose ic = in the given equation, then y = h ^^^^ is, the 
line passes through a point on the axis ofy at a distance J 
from the origin. Again, suppose y = 0, then a? = J, that is, the 
line passes through a point on the axis of x ki 2^ distance 
} from the origin. Join the two points thus determined, and 
the line so formed, produced indefinitely both ways, is the 
locus of the given equation. What we have here ascertained 
as to the points where the line cuts the axis, mav be obtained 
immediately from the equation ; for if we write it in the form 

and compare it with the equation in Art, 17, 

a^b ' 
we see that a = J and J = f . 

Again, suppose the equation y = a? proposed. Since this 
equation can be satisfied by supposing a? = and y = 0, the 
origin is a point of the line which the equation represents ; 
therefore we need only determine one other point in it. Sup- 
pose a? = 1, then y = 1 ; here another point is determined and 
the line can be drawn. The line may also be constructed by 
comparing the given equation with the form in Art. 14, 

y = mx. 

This we know represents a line passing through the origin 
and making with the axis of x an angle of which the tangent 
is m. Hence y = x represents a line passing through the 
origin and inclined at an angle of 45** to the axis of x. 
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Similarly the eqnation y = — a; represents a line inclined to 
the axis otx at an angle of which tne tangent is — 1 ; that is 
at an angle of 135^ Hence this equation represents a line 
through bisecting the angle between 0]t and OX pro- 
duced to the left in the figure to Art 14. 

19. The student is recommended to make himself tho- 
roughly acquainted with the previous articles before proceed- 
ing with the subject. In Algebra the theory of indeterminate 
equations does not usually attract much attention, and the 
student is sometimes perplexed on commencing a subject in 
which he has to consider one equation between two unknown 
quantities, which consequently has an infinite number of 
solutions. 

^ Our principal result up to the present point is, that a straight 
line corresponds to an equation of the first degree, and the 
student must accustom himself to perceive the apraopriate 
line as soon as any equation is presented to him. The line 
can be determined by ascertaining two points through which it 
passes, that is, bv finding two points such that the co-ordinates 
of each satisfy tne given equation, and the line being thus 
determined, the co-ordinates of any point of it will satisfy 
the given equation. 

20. EqiMition to a straight line in terms of the perpefndicalaT 
from the origin^ cmd the iruMnation of this perpendicular to the 
aads. 
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Let OQ he the perpendicular from the origin on a 
line AB. Take any point P in the line; draw PM per- 
pendicular to OA, J£^ perpendicular to OQ, and PB perpen- 
aicular to MN. Suppose 0^=^, and the angle QUA=^a. 
Let X, y, be the co-ordinates of P; then 

0(2= ON+NQ= ON^PR 

= Oif cos QOA + PMmi PMR 

= a? cos a + y sin a. 

Therefore the equation to the line is 

a? cos a + y sin a =p. 

21. We have given separate investigations of different 
forms of the equation to a straight line in Articles 14, 17, 20 ; 
any one of these forms may however be readily deduced from 
either of the others by making use of the relations which exist 
between the constant quantities. The quantity which we 
have denoted by h in Art. 17, that is OB, is denoted by c in 
Art. 14 ; 

.-. l = c (1). 

In Art. 17, 

- = tan 5^ = tan (tt - 5^X ) 
a 

= -tanjR4X; 
in Art. 14 we have denoted the tangent of BAX by m, 

- = -m (2). 

a 



. . 



In Art. 20, 0^ cos a = OQ, and 05 sin a- OQ; that is, 

/> = acosa = &sina (3) ; 

therefore from (2) and (3), w = — cota (4). 

Also if the equation 

Ax + Bi/+C=0 

2 
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represent the straight line under consideration, then by 
Art. 16, 

A_ _C , ,^. 

•*• -7s = cota and -7^ = — ^ (6). 

B i> sina 

By means of these relations we may shew the agreement 
of the equations in Arts. 14, 17, 20, or from one of them 
deduce the others. 

22. The student may exercise himself by varying the 
figures which we have used in investigating the equations. 
Thus, for example, in the figure to Art. 17, suppose the point 
P to Idc in BA produced so that it falls hehw the axis of x. 
We shall still have 

PM AM PM x-a 

or -T— = . 



OB AO' 



a 



Now since P is below the axis of a?, its ordinate y is a 
negative quantity, hence we must not put PM = y but 
PM= — y, because by PM we mean a certain length esti- 
mated positively. Thus 



y __x — a 



and therefore, as before, 



a 



OhUque Co-ordinates. 

23. JSquation to a straight line. 

We shall denote the inclination of the axes by o). 

Suppose first, that the line is not parallel to either axis. 
Let ABD be a straight line meeting the axis of y in B. Draw 
a line OE through the origin parallel to ABD. In ABD 
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take any point P; draw PM parallel to OF, meeting OX in 
Jbfand OEm Q. Suppose OB=c, and the angle QOM=a. 




Let X, y, be the co-ordinates of P; then 



y = 



But 



PM^PQ^-QM^ 0B-\- QM. 

QM sin a 

Oif"sin (ft) — a) ' 

X sin a 



.-. QM^-. 



sin (ft) — a) ' 



Hence the required equation is 

a? sin a 



y = 



sin (ft) — a) 



+ c. 



sin a 



If we put m for -^ — 7 ^, the equation becomes 

^ sm (ft) — a) ^ 

y = mx + c, 

as in Art. 14. The meaning of c is the same as before ; m is 
the ratio of the sine of the inclination of the line to the axis 
of X to the sine of its inclination to the axis of y. Since 
sin a is always positive, m will be positive or negative accord- 
ing as sin (ft) — a) is positive or negative ; thus as before m 
will be positive or negative according as the line through the 
origin parallel to the given line falls between OY and OX, 

2—2 
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or between OF and 0X\ The meaning of m coincides with 
that in Art. 14 when o) = — , for then m = tan a. 

24. ISince w = 



8in(a)— a) ' 
.'. m (sin 0) cos a — cos o) sin a) = sin a ; 
.'. m (sin 60 — cos © tan a) = tan a ; 

in sina> 



.'. tan a = 



Hence sin a = 



cosa = 



1 + w cos O) 
m sino) 



+ \/(l + 2wcosa) + w*) ' 

1 + m cos w 
+ V(l + 2«i cos o) + w*) * 



Since sin a is positive, we must take the upper or lower 
sign according as m is positive or negative. 

25. The investigations in Arts. 15 and 17 apply without 
alteration to the case of oblique axes, and those in Art. 16 with 
the requisite change in the meaning of the constant m, 

26. To find the eqaaiion to a straight line in terms of the 
perpervdicular from the origin, and the inclinations of the per- 
pendicular to the axes. 

In the figure of Art. 20, if we suppose QOA = a, we have 
QOB = fi) — a ; denote this by /8 ; then 

00 = a cos a; .*. a = ^ , 

cos a 

OQ = Jcos/3; /. J = -^. 

cosp 

Substitute in the equation, Art. 17, 
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and we obtain 

X cos a + y cos /8 =j>. 

27. The following form of the equation to the line is 
often usefdl. 




Let C be a fixed point in any line AJS; h, k, its co-ordi- 
nates ; let P be any other point in the line ; x, y, its co- 
ordinates; let QP^r, and the angle BAX=a. Vtslw the 
ordinates PM, QN; and QE parallel to OX; then 

x — h sin (o) — a) , 

= ^ = I suppose, 

r sin 0) rr ' 

V — A sin a 

= - — = n suppose, 

r sin© ^^ 

^, x — hy — h 

thus — 7— = = r, 

I n 

For the equation to the line it is sufficient to put 

x—h^y—k 



I 



n 



but it is usefiil to remember that each of these quantities is 
equal to r. 

If the axes are rectangular, I and n become respectively 
cos a and sin a, that is, the cosines of the inclinations of the 
line to the axes of x and y respectively. 
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Polar Co'ordinates, 
28. Polar equation to a straight line. 




Let AB be a straight line, OQ the perpendicular on it 
from the origin, OX the initial line, P any point in the line. 
Suppose OQ=p, and the angle QOX= a. Let r, 0, be the 
polar co-ordinates of P; then 

0Q= OP cos POQ; that is, 

p = r cos{0 — a). 

This is the polar equation to the line. 

29. The polar equation may also be derived from the 
equation referred to rectangular co-ordinates. Let 

Ax + £^-\- (7=0 

be the equation to a line referred to rectangular co-ordinales. 
Put r cos for x, and r sin 5 for y. Art. 8 ; thus 

Arcos0-{'Br&m0+ (7=0 (1), 

is the polar equation. This equation may be shewn to agree 
with 

j? = r cos {0—a) (2). 

For by Art. 21 we have 

^ = cot a and -^ = — ^-- . 
i> i) sma 
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Hence (1) becomes 



P 

S 

which agrees with (2). 



cot a r COS tf + r sin ^ — ^— = 0, 

sin a 



30. The equation to a line passing through the origin 
is, by Art. 14, 

Put r COS for x and r sin for y ; the equation then 
becomes 

r sin ^ = w r cos ; 

•'. tan = m; 

.'. tf = a constant ; 

this is therefore the polar equation to a line passing through 
the origin. 

31. We will collect here the different forms of the equa- 
tion to a straight line which have been investigated, 

y = 7nx + c, Arts. 14 and 23. 

a: = constant, or, y = constant, Arts. 15 and 25. 

- +f - 1 = 0, Arts. 17 and 25. 

a o 

a; cos a +y sin a —p = 0, Art. 20. 

V = ~= — 7 r x + c, Art. 23. 

^ sm (o) — a) 

a; cos a + y cos ^ —p = 0, Art. 26. 

— r-='^^ = r. Art. 27. 

jp = r cos (^ - a), Art. 28. 

Arcoa0 + Br sin tf + (7= 0, Art. 29. 

= constant, Art. 30. 
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EXAMPLES. 

Draw the straight lines represented by the following 
equations : 

(1) y + 2a; = 4; (2) 2y-a; = 2; 

(3) y + a; = -2; (4) x-2if = i; 

(5) i/ + 2x = 0; (6) l = coa(0-jy, 

(7) x = l; (8) = "^ 



3' 



1 



(9) ^ = 0. 



( 25 ) 



CHAPTEE III. 

PROBLEMS ON THE STRAIGHT LINE. 

32. We proceed to apply the results of the preceding 
articles to the solution of some problems. 

To find the form of the equation to a straight line which 
passes through a given point. 

Let x^, ^j, be the co-ordinates of the given point, and 
suppose 

y = mx-i-c (1) 

to represent the straight line. Since the point (a?j, yj is on 
the Ime, its co-ordinates must satisfy (1) ; hence 

7/^ = mx^ + c (2). 

By subtraction, 

y-y^ = m{x-x;) (3); 

this is the required equation. 

33. The equation (3) of the preceding article obviously 
represents what is required, namely, a line passing through 
the point (a;^, yj. For the equation is of the first degree in 
the variables x, y, and therefore, by Art. 16, must represent 
some straight line. Also the equation is obviously satisfied 
by the values x = x^, y — Vx^ *^^* ^s, the line which the 
equation represents does pass through the given point. The 
constant m is the tangent of the angle which the line makes 
with the axis of a;, and by giving a suitable value to m we 
may make the equation (3) represent any straight line which 
passes through the assigned point. 
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The geometrical meaning of equation (3) is obvious. For 
let AB be any straight line passing through the given point 
Q. Let P be any point in the line; a;, y, its co-ordinates. 
Draw the ordinates PMy QN; and QE parallel to OX ; then 



PB 



jjp = tangent PQB ; that is 



x — x 



which agrees with equation (3). 

34. In Art. 32 we eliminated c between the equations (1) 
and (2) and retained m ; we may if we please eliminate m 
and retain c. From (2) 



y. — c 
m = — 

X. 



Substitute in (1), thus 



y. — c 
y=^ — x + c; 



X. 



.-. yx^-ay^-\-c{x-x^)=0. 

This equation obviously represents a straight line passing 
through the given point, because it is an equation of tne first 
degree and is satisfied by the values x = x^^y=y^. 

35. To find the equation to the straight line which passes 
through two given points. 



WHICH PASSES THROUGH TWO GIVEN POINTS. 27 

Let ajj, yj, be the co-ordinates of one given point; rCj, v,, 
those of the other ; suppose the equation to the straight line 
to be 

y = mx-hc (1). 

Since the line passes through {x^, yj and {x^, yj, 

y^ = mx, + c (2), 

7/^ = 7nx^ + c (3). 

■ 

From (1) and (2) by subtraction, 

y-yj = m(aj-aj,) (4). 

From (2) and (3) by subtraction, 

y,-y, = m(a;,-a;,). 

Substitute the value of m in (4) and we have for the 
required equation 



y 



-l/^=^^^i^-^^ (5)- 



Xa ^~ X^ 



As a particular case we may suppose the point {x^, y^ 
to be the origin; hence a?i = 0, and ^^ = 0; therefore (5) 
becomes 

y=%^ (6). 

36. The equation (5) of the preceding article becomes 
after multiplying by x^ — x^ and reducing 

If we compare the expression on the left-hand side of this 
equation with the expression in brackets in equation (2) of 
Art. 11, we see the only difference is that we have x and y in 
the place of x^ and y^ respectively. Thus the eG|[uation 
informs us that the area of the triangle formed by joining 
{x,y), (x^, v^, (^2' ^2) vanishes, as should evidently be the 
case since the vertex {x, y) falls on the base, that is, on the 
line joining {x^ , y,) to (a?,, y,). 
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37. To find the equation to the straight line which passes 
thrcmgh a given point and divides the Uae joining two other 
given points in a given ratio. 

Let (A, h) be the first given point; let (aj^, y^), [x^^ y^ be 
the two other given points ; let the given ratio in which the 
line joining the last two points is to be divided be that of n^ 
to n^; then, by Art. 10, the co-ordinates of the point of 
division are 

Tlj + TJg ' ^1 + ^2 

Hence by equation (5) of Art. 35 the equation required is 

y ^k=^ ^ ^ ix — h) I or 

n^ + n^ 

^ n^{x^-h)+n^{x^-h)^ 

38. To find the form of the eqvMion to a straight line 
which is parallel to a given straight line. 

Let the equation to the given straight line be 

y^m^^-c^ (1), 

and the equation to the other straight line 

y^mx-\-c (2). 

Since the lines represented by (1) and (2) are parallel, they 
must have the same inclination to the axis of x ; hence 



ra — m^. 



Thus (2) becomes 

y = m^ + c. 

The quantity c remains undetermined since an indefinite 
number of straight lines can be drawn parallel to a given 
straight line. 
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39. To determine the co-ordinates of the point of intersec- 
tion of two given straight lines. 

Let the equation to one line be 

y=^m^x + c^ (1), 

and the equation to the other 

y = m^ + c^ (2). 

The co-ordinates of the point where the lines intersect must 
satisfy both equations ; we must therefore find the values of x 
and y from (1) and (2). Thus 

these are the required co-ordinates. 

40. To find the condition in (yrder that three straight lines 
may m^eet in a point. 

Let the equations to the lines be respectively 

y = m,a; + c, (1), y = m^ + c^ (2), 

y = m^ + c^ (3). 

The co-ordinates of the point of intersection of (1) and 
(2) are 

m^ — m^^ ^ m^ — m^' 

If the third line passes through the intersection of the first 
and second, these values must satisfy (3). Hence the neces- 
sary and sufficient condition is 



c^m^ - c^m^ __ m^{c^-c^ 
that is, 



m^ — Wj m, — Wj 



CjWl, — CjWj + C3W3 — C3W, + CgT^j — C,Wg = 0. 



30 



ANGLE BETWEEN GIVEN LINES. 



41. To find the angle between two given straight lines. 




Let ABG be one line and DEG the other ; let the equation 
to the former be 

and the equation to the latter 

Then tan ^ (7i> = tan ( GAX- GDX) 

__ tan GAX- tan GDX 
""l+tanC4XtanCZ>X 



Wj — 7n^ 
1 + m^m^ ' 



From this we may deduce 



cos A GD = 



sin ^GZ> = 



1 + vn^^ 



V(l + O (1 + m/) ' 



42. To find the form of the equation to a straight line which 
is perpendicular to a given straight line. 

Let y = mx + c 
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be the eqtiation to the given line, and 

y = rrix + c 

the equation to another line. Then the tangent of the angle 
between these lines is 

m — m 



1 4- tnm * 
If these lines are perpendicular, 

1 -f ram = ; 



Hence 



m 



represents a line perpendicular to the line 

y = mx -f c. 

43. The result of the last article may also be obtained 
thus, 




Let AB be the given line, so that tan BAX= m. Let CD 
be a line perpendicular to AB-, then 

tani)ar=-tani)(70 
= - cot 5^0 



m 
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Hence the equation to CD is 



where 



c' = OD. 



44. To find the equation to the straight line which passes 
through a given point, and is perpendicular to a given straight 
line. 

Let ajj, y^, be the co-ordinates of the given point, and 

y = mx-\-c (1), 

the equation to the given line. The form of the equation to a 
line through {x^, y^), is 

(2). 



y-y^ = m{x-x^) 

If (2) is perpendicular to (1), we have 

mm +1=0. 
Hence the required equation is 



y-yi = --{^-^i)' 



45. To find the equations to the straight lines which pass 
through a given point and make a given angle with a given 
straight line. 
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Let AB be the given straight line ; C the given point ; 
A, ft, its co-ordinates ; P the given angle. Let the equation 
to ^5 be 

y = mx + c. 

Suppose CD and CE the two lines which can be djawn 
through (7, each making an angle )8 with AB. Then 

tan GDX= tan {BAX + /9) 

__ m + tan/S 
~1 — mtan/8' 

tan CSZ=: - tan CEA = - {tan/3 - BAX) 

__ m — tan^S 
1 + w tan P ' 

Hence the equation to CD is 

Tii + tan^ ^ 

and the equation to CE is 

, m — tanfl , ,v 
^ l+mtan/S^ ^ 

46. To find the hngth of the line drawn from a gwen point 
in a given direction to meet a given line. 

Let (A, ft) be the given point ; and suppose a line drawn 
from this point at an inclination a to the axis of a? to meet 
the line 

^aj + %+O=0 (1). 

Let r be the required length; x^^y^ the co-ordinates of 
the point where the line drawn from (A, ft) meets (1) ; then, 
by Art. 27, 

a?j — A = rcosa, y^ — ft = r8ina (2). 

But (ajj, yj is on (1), 

.-. -4 (A + r cos a) + jB(ft + r sin a) + (7= ; 

Ah^Bk+C 



.'. r = — 



A cos a + -B sin a ' 



"^ 
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47. To find the l&pgth of the perpendicular drawn from a 
given point upon a given straight Line. 




Let AB be the given straight line ; D the given point ; 
A, i, its co-ordinates. Let the equation to AB be 

y = mx+c (1). 

The equation to the line through D perpendicular to AB 
is, by Art. 44, 

y-k^-l{x^h) (2). 

Let a;,, y^, be the co-ordinates of ^; then, by Art. 9, 

•- DE'^{x,-^hy+{y^^k)\ (3). 

It remains then to substitute for x^ and y^ their values in 
(3). Now, since a?j, y^, are the co-ordinates of J5^, which is 
the point where (1) and (2) meet, we have 

y, = ?wa;, + c, and y^-k = --{x^^h) ) 

.-. mx. + c = ^ {x,-h)i 

m^ ^ ' 
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and iCj — A = 



1 -^rrf 
m 



Also 



and 



= o ik — mh — o). 

1 + m^ ' 

m'A + w^A + c 
yj = «ia7, + c = r— — 5 — , 



mh-\- c — k 



7 7#swe -f ( 



_{k — mh — cf 

Hence i>j&= ~^ . "o, . 

The radical in the denominator may be taken with a posi- 
tive or negative sign, according as the numerator is positive 
or negative, so as to give for DE a positive value. 

48. We may also obtain the value of DE thus ; draw the 
ordinate Z>Jlf meeting the line AB in H} then 

DE^DH&mDHE 

= DH cos HAM. 

Now OM^hi .\ HM=mh + c, and l)M=k; 

.'. DH= k — mh — c. 

Also tan HAM= m : .*. cos HAM= ,,^ . — j^ ; 

V(l -f w*) 

j.^ k^mh—.c 

V(i + w ) 

49. In this chapter we have used equations of the form 
y = mx +'c to represent straight Unes. The student may 

3—2 
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exercise himself by solving the problems by means of the 
more symmetrical forms of the equation to a straight line, 

Ax-hBy^ (7=0, 

a 
X cos a + y sin a —p = 0. 

The results of course can be easily compared with those we 
have obtained. For example, if in Art. 47 we represent the 
given line by the equation 

Ax + By+ (7=0, 
the result obtained should coincide with the value of 

h — mh — c 

V(l + m^) ' 

A G 

when for m we write — -^ tod — -^ for c ; that is, the re- 
sult must be 

Ah + Bh+G 

^{A' + B') ' 

Similarly, if the given line be represented by 

X cos a + y sin a —p = 0, 

we shall find for the perpendicular on it firom (A, k) 

± {h cos a + A; sin a — ^). 

Thus if the equation to a line be in the form 

X cos a + y sin a — p = 0, 

the length of the perpendicular drawn firom a point on this 
line is the numerical value of the expression on the left hand 
side of this eqtmtion, when for x andy are substiMited the co~ 
ordinates of the given point. This result is of such great im- 
portance that we shall proceed to examine it more closely. 

50. In the first place we remark, that if the equation to a 
line be given in any form, we can immediately transform it so 
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that it may be expressed in terms of the perpendicular from 
the origin and the inclination of this perpendicular. For 
example, suppose the equation to be 

2a? + 3y + 4 = 0. 

Change the signs of every term so that the last term may be 
negative; thus tne equation becomes 

- 2a? - 3y - 4 = 0. 

Divide by V(2' + 3') ; thus 

_^^_ Jy_ L -0 

V13 V13 V13" ' 

This is of the form 

X cos a + y sin a — ^ = 0, 

and co8a = -^3, 8ma = -^, j, = ^. 

37r 
In this example a is an angle lying between ir and — . 

Any other example may he treated in a similar maimer- 
the rule being the following. Collect the terms on one side, 
and if necessary, change the signs so that the equation maybe 
in the form Ax + By-^G=0 where G is positive; then 
divide by ^/{A^ + B^) ; thus the equation becomes 

this is of the required form, and 

A . B C 

^osa= >, .a , paN > 8ma= .. .^ , p^. , jp = 



Thus every equation representing a straight line may be 
brought to the form 

X cos a + y sin a — j? = 

where JP is a positive quantity, unless the line passes through 
the origin, and then p = 0. 



38 



LENGTH OF A PERPENDICULAR. 



51. When we use the equation 

X cos a 4-y sin a —p = 
we shall always suppose p positive, 

52. The line whose equation is 

X cos a + y sin a —p = 

might be called " the line {p, a)," since the constants » and a 
determine the line ; but when there is no risk of confounding 
it with another line, it may be more shortly called " the line 
a," and the equation maybe expressed shortly, thus, "a = 0." 

We shall now give another investigation of the expression 
for the perpendicular from a given point on the line {p, a). 




Let AB represent the line {p, a), the origin, F the 
point {x, y), so that P and are on opposite sides of AB. 
braw OQ,PZ, perpendicular to AB, and PJIf parallel to OF^; 
through If draw a line parallel to AB, meeting OQ and P^, 
produced if necessary, in Q' and Z' respectively. 

Then 0Q'= OMcos a = a? cos a ; PZ'= PJf sin a =y sin a ; 

PZ= OQ' + PZ'- OQ = xcoBa + t/Qma"p. 

If P and be on the same side of AB we shall obtain for 
the perpendicular 

p — x cos a — y sin a. 

It will be foxmd that these results will hold for all varieties 
of the figure. 
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53. Thus the perpendicular from the point (a;, y) on the 
line 

xQO%a + y sin a — j? = 

is X cos a + y sin a —p^ or p — x cos a — y sin a, 

according as the point (a?, y) and the origin are on different 
sides of the line or on the same side of it. 

The student will perceive that we speak here of the point 
(oj, y) and the line x cos a + y sin a — » = 0, and that we use 
the same symbols x, y, in speaking of the point and of the 
line. But we do not mean that the point {x, y) is to be on 
the line, that is, we do not mean the x and y which are co- 
ordinates of the point (a?, y) to have the same values as they 
have for any point in the line x cos a +y sin a — j? = 0. We 
might use x\ y\ as co-ordinates of the point to prevent con- 
fusion, but it is found convenient to adiopt the notation here 
used, as the advantages more than compensate for the in- 
creased attention which is required from the student in dis- 
tinguishing the different meaningB of the symbols. 

54. We have in Art. 52 left the student to convince him- 
self by drawing the figures in difierent ways, that the per- 
pendicular from the point (a?, y) on the line (p, a) is always 

+ {x cos a + y sin a —p)-, 

the upper or lower sign being taken according as (a?, y) and 
the origin are on different sides, or on the same side of the 
line (^, a). We may also arrive at the result imperfectly, 
thus. We may first prove, as in Art. 47, that the perpendicu- 
lar must always be equal to one of the two expressions 

+ {x cos a + y sin a — p), 

and may then proceed to distinguish the cases. Now the 
expression x cos a + y sin a — j? is negative when the point 
(a;, y) is the origin, because it becomes then —p', also it 
cannot change its sign so long as (a;, y) is taken on the same 
side of the line as the origin became it cannot change its sign 
without passing through the value zero, and it cannot vanish 
until the point (a;, y) is on the line. Hence the expression 
remains negative so long as {x, y) is on the same side of the 



40 OBLIQUE AXES. 

line as the origin. Similariy, if the expression is positive 
when the point (a?, y) has any one position on the other side 
of the line, it will continue positive so long as [x, y) is on 
that side of the line; and it may be easily shewn that the 
expression can be made positive by suitable values of x and 
y ; hence it is always positive while (a?, y) is on the opposite 
side from the origin. We call this an imperfect method, 
because the sentence in italics on which it depends, has pro- 
bably not sufficiently attracted the student's attention up to 
this period of his studies to produce perfect conviction. 

55. If the equation to a line be a?cosa+y sina=0, so 
that p = 0, we shall still have + {x cos a -j- y sin a) as the 
length of the perpendicular from the point (a?, y) on it. We 
may discriminate as follows, let the equation be so written 
that the coefficient of y is positive; then for points on the 
same side of the line as the positive part of the alxis of y, the 
perpendicular = x cos a + y sin a ; for points on the other side 
it is — {x cos a + y sma). This is easily shewn by comparing 
a few figures, or as in Art. 54. 



Oblique Axes. 

56. The results in Arts. 32 — 40, hold whether the axes are 
rectangular or oblique; in Art. 33, however, m must have 
that meaning which is required when the axes are oblique. 

To find the angle between two straight lines referred to 
oblique axes. 

Let CO be the angle between the axes; y = m^x + c^ the 
equation to one line ; y = m^x + c^ the equation to the other. 
Let Oj, ttj, be the angles which these lines make with the axis 
of X ; and /9 the angle between them. 

By Art. 24 

m. sin (o ^ m^ sin <o 
tan a. = ^ — ; tan «« = 



^ 1 4- Wj cos 0) ' ^ 1 4- Wg cos © ' 
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m, sm a> m^ sin a> 



TT X /> X / \ 1 + ^« cos fi) 1 + W, cos G) 

Hence tan p or tan (a^ — aj = ■ * -i ' 



w^m, sm G) 
(l+m^cos Q))(l+WjCOSft>) 

_ (m, — m^ sin g) 

1 + (tWj + Wj) cos G) + m^m^ ' 

Hence the condition that the lines may be at right angles is 

1 + (wij + w J cos G> H- m^m^ = 0. 

57. Tojvnd the levigth of the perpendicular drawn from a 
given point on a given straight line. 

We shall proceed as in Art. 48; the student may also 
obtain the result by the method in Art. 47. 




Let AB be the given straight line ; D the given point ; 
A, hy its co-ordinates. 

Let the equation to AB be 

y = mx + c. 

Draw DHM parallel to OF, and DE perpendicular to 

AB'y then 

DE^DH^mDHE. 

Now Dn=DM-HM=^h- {mh + c)=k'-mh-c. 
Let BAX= a, then jDJBS; or AHM= o - a, 

and -: — 7 r = w, (Art. 24.) 

sm (g> — a) ^ 
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sin a sin a> 



.'. sin (o) — a) = 



m \/(l+2wcosft> + wi') 



a\ ? 



j^jp _ l]c — mh — c) sinfi) 
" \/(l +2wi cosft) + w^) ' 

If a line be drawn from D to meet AB at an angle /8, its 
length will be DE cosec ^, and will therefore be known since 
DE is known. 



Polar Co-ordinates. 

58. To find the 'polar equation to the straight line which 
passes through two given points. 

Let r^, ^j, be the co-ordinates of one point ; and r^, 6^^ 
those of the other ; and suppose the equation to the line 

r cos {6 — a) =jp, 

that is r cos ^ cosa + r sin^ sina=p (1). 

Since this line passes through the two points, we have 

r^ cos^j cosa + rj sin^^ sina=^ (2), 

r^ cos^j cosa + r^ sin^^ sina=^ (3). 

From (1) and (2) 
(r cos —r^ cos 0^ cos a + (r sin 5 — r^ sin 5J sin a = ... (4), 

From (2) and (3) 
(rjCos^j— r2COS^2)cosa+ (rj sin^j — r^sin^g) sina = 0.... (5), 

r cos —r^ cos 0^ _ r sin ff — r^ sin 0^ 
' ' r^ cos 0^ — r^ cos 0^ r^ sin 0^ — r, sin 0^ ' 

After reduction we obtain 

rr^ sin (5, - ^) + r,r, sin (5, - ^J + r,r sin (0-(?g)=O (6). 

This equation has a simple geometrical interpretation ; for 
if we draw a figure and take for the origin, and A, B,P, for 



the points (r^, ^J, (r^, 5jj), (r, 5), respectively, we see that 
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equation (6) is the expression of the fact that one of the tri- 
angles OAF, OBPy OAB, is equal in area to the sum of the 
other two. 

59. We have seen that a straight line is the locus of an 
equation of the first degree ; as we proceed it will appear that 
if an equation be of a degree higher than the first, the cor- 
responding locus will be generally some curve; we may 
notice here some exceptional cases. 

Suppose the equation 

a? — 4aic + 4a" 4-^ = 
be proposed ; this equation may be written 

Hence we see that the only solution is, 

y = 0, £c = 2a. 

Thus the corresponding locus consists only of a single point 
on the axis of a? at a distance 2a firom the origin. 

Again, suppose the equation to be 

No real values of x and y will satisfy this equation ; in this 
case then there is no corresponding locus, or as it is usually 
expressed, the locus is impossible. Thus, the locus corres- 
ponding to a given equation may reduce to a single point, or 
it may be impossible. 

60. We have seen that the equation to a single straight line 
is always of the ^r*^ degree ; an equation of a higher degree 
than the first mm however represent a locus consisting of two 
or more straight lines. For example, suppose 

y'-^ = o , (1); 

/. y = x (2), or y = — a; (3). 

K the co-ordinates of a point satisfy either (2) or (3), they 
will satisfy (1) ; that is, every point which is comprised in 
the locus (2) is comprised in (1), and every point which is 
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comprised in (3) is also comprised in (1). Hence (2) represents 
two straight lines which pass through the origin, and make 
respectively angles of 45* and 135*^ with the axis of x. 

61. An equation which only involves one of the variables, 
represents a series of lines parallel to one of the axes. Thus, 
if there he an equation /(a;) = 0, we obtaiu by solving it a 

series of values for a?, as x = a^ or x = a^, and each of 

these equations represents a line parallel to the axis of y. 
Similarly f{y) = represents a series of lines parallel to 
the axis of x. 

An equation of the iorm j{-\ =0 represents a series of 

lines passing through the origin ; for by solving the equation 

we obtain a series of values for - , as - = w„ '^ = w„, and 

X X ^ X ^ 

each of these equations represents a line passing through the 
origin. Of course if an equation f{x)=0, f[y) =0, or 

jr f^J =0 have no real roots, the correspondbig locus is im- 
possible. 

The equation 

Af^-Bxy+Ga? = 

may be put in the form 



2 



\xj X 



Since this is a quadratic in - we obtain two values for it, 
suppose - = Wj and ^ = m^ ; hence the equation generally 

X X 

represents two straight lines passing through the origin. If 
Ef be less than 4Ji. G, then m^ and m^ are impossible, and the 
only solution of the given equation is x = 0, y = ; that is, 
the locus is a single point, namely, the origin. 

62. It is obvious that if the locus represented by an equa- 
tion f{x, y) = passes through the origin, the values a; = 0, 
y = 0, must satisfy the equation. We can thus immediately 
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determine by inspection whether a proposed locus passes 
through the origin or not. 

63. In Art. 39 we determined the co-ordinates of the point 
of intersection of two given straight lines.: the proposition 
may be obviously generalised. Let f^ (x, y) = 0, j^ (a?, y) = 0, 
represent two curves, then the co-ordinates of the points where 
they meet will be determined by solving these simultaneous 
equations. It may be shewn that if one equation be of the 
m!^ degree and the other of the n*^, the number of common 
points cannot exceed mn. Hymers's Theory of Equations^ 
Art. 174. 

64. We will exemplify the articles of this chapter by ap- 
plying them to prove some properties of a triangle. 

The lines dravm from, the angles of a triangle to the middle 
points of the opposite sides meet in a point. 




Let ABC be a triangle, 2), E, F, the middle points of the 
sides ; take A for the origin, AB for the direction of the axis 
of X, and a line through A perpendicular to AB for the axis 
oiy. Let AB=a, and let x', y\ be the co-ordinates of C, 
Since D is the middle point of CS, the abscissa of i) is 

\ (a;' +a), and its ordinate ^ (Art. 10) ; since E\a the mid- 

die point o{ ACy the abscissa of JS^is — and its ordinate ^; 

since F is the middle point of AB its abscissa is - and its 

ordinate zero. Hence by Art. 35, 

t/ X 

the equation to AD is y^-rr— (1); 

X "t" a 
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the equation to BE is y= ^ ,'^^^ (2) ; 

the equation to CF is y = ^^ x — a) ^^^^ 

^X ^ Cb 

To find the point of intersection of (2) and (3) we put 

X -^a 2x'-a ' 

/. {x — a) (2a;' — a) = (2aj — a) {x' — 2a) ; 
.'. Soa? = a{x' + a) ; 
/. a; = J (a?' 4- a). 
Substitute this value of a; in (2) and we find 

We have thus determined the co-ordinates of the point of 
intersection of (2) and (3) ; moreover we see that these values 
satisfy (1) ; hence the line represented by (1) passes through 
the intersection of the lines represented by (2) and (3), which 
proves the proposition. 

The lines drawn from the angles of a triangle perpendicular 
to the opposite sides meet in a point. 

The equation to JS(7is, (Art. 35), 

hence the equation to the line through A perpendicular to 
BC is, (Art. 44), 

y=--y- ^ W- 



The equation to AC is 



y 
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hence the equation to the line through B perpendicular to 

y=-^(^-«) (5). 

The line through perpendicular to AB will be parallel to 
the axis of y, and its equation will be, (Art. 15), 

x==^x' (6). 

Now at the point of intersection of (5) and (6) we have 

and as these values satisfy (4), the line represented by (4) 
passes through the intersection of the lines represented by 
(5) and (6). 

The lines drawn through the middle points of the sides of 
a triangle respectively perpendicular to those sides meet in 
a point. 

The equation to the line through D perpendicular to BG is 

y-i-'^ ['-'-¥) ("■ 

The equation to the line through E perpendicular to CA is 



^-2=-y("-2J W- 

The equation to the line through -F perpendicular to AB is 

»'=2 W- 

Now at the point of intersection of (8) and (9) we have 

_ a _y' X fa x'\ 
""'r ^'2~y'[2~"2)' 

these values satisfy (7) ; hence the lines represented by (7), 
(8), and (9), meet m a point. 
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Let US denote by P the point of intersection of the three 
lines in the first proposition, by Q the point of intersection of 
the three lines in the second proposition, and by It the point 
of intersection of the three lines in the third proposition ; we 
will now prove that P, Qy and B, lie in one straight line. 
The co-ordinates 

of P are aj = J(aj' + a), y=^; 

of ^ are x = x\ y = -^ (a — x') ; 

on « y x(a — x) 
of 5 are x^-, y = ^ ^-^. 

Hence the equation to the line passing through P and Q is 
In this equation put a? = ^ , then 



y 



3" H^x 



' 3 /a _ x\ 
'-a) V6"3/ 

= -4|(a-.')-|]; 

. x'{a-x') y y' 

"y~ 2y' "^3^6 

y x' (a — a;') 
""2 2^ • 

Hence the point JJ is on the line represented by (10), for the 
co-ordinates of -B satisfy (10). 
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EXAMPLES. 

1. Find the equations to the lines which pass through 
the following pairs of points : 

(1) (0, 1), and (1, - 1). 

(2) (2, 3), and (2, 4). 

(3) (1, 1), and (-2, -2). 

(4) (0, -a), and (0, -J). 

2. Find the equations to the lines which pass through the 
point (4, 4) and are inclined at an angle of 45^ to the line 
y=2a?. 

3. Find the equations to the lines which pass through the 
point (0, 1), and are inclined at an angle of 30° to the line 
y + x = 2. 

4. Find the equations to the lines which pass through 
the origin and are inclined at an angle of 45° to the line 
x = 2. 

5. Find the equations to the lines which pass through 
the origin and are inclined at an angle of 60 to the line 
x+y ^3 = 1. 

6. Find the angle between the lines x+y=l, y = x + 2; 
also find the co-ordinates of the point of intersection. 

7. Find the angle between the lines x + y^/S = and 
x-yV3 = 2. 

8. What is the angle between a; + 3y = 1 and a? — 2y = 1 ? 

9. Find the equations to the lines passing through a 
given point in the axis of x, and making an angle of 45° 
with the axis of x. 

10. Find the equation to the line which passes through 
the origin and is perpendicular to the line x-k-y = 2. 

4 



'1 
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11. Find the perpendicular distance of the point (1, — 2) 
from the line x + t/ — 3 = 0. 

12. Find the length of the perpendicular from the point 

(a, b) on the line - + t = 1* 

a 

13. Find the co-ordinates of the point of intersection of 

the lines - + f = 1 and y + ^ = 1. 
a a 

14. Find the equation to the line which passes through 
the point (a, J), and through the intersection of the lines 

a a 

15. Shew what loci are represented by the equations 

(1) a^ + / = 0, (2) 0^-3^ = 0, 

(3) a? + xy = 0, (4) ajy = 0, 

(5) ar^+2^' + a' = 0, (6) aj(y-a) = 0. 

16. Interpret 

(1) (a;-a)(y-J) = 0, 

(2) (x-ar+[y-hf = 0, 

(3) {x-y -V of -V {x-^y -af =^0. 

17. What straight lines are represented by the equation 

y* - ^xy + 3a;'* = ? 

18. Shew that 3y* — 8a;y — 3a^ + 30ic— 27 = represents 
two straight lines at right angles to one another. 

19. Find the equations to the diagonals of the four sided 
figure, the sides of which are represented by the equations 

a; = 4, 2^ = 5, y^x, y = 2a:. 

20. Aj By G, Dy E, Fy is a regular hexagon ; take A for 
the origin, AB as axis of x^ and a line through A perpendicular 
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to AB as axis of y ; find the equations to all the lines joining 
the angular points of the hexagon. 

21. Given the co-ordinates of the angular points of a 
triangle, find the equation to the line which joins the middle 
points of two sides. 

22. Find the tangent of the angle between the lines 

y — 7?ia; = and my + aj = 0, 
when referred to oblique axes. 

23. Shew that whether the axes be rectangular or oblique 
the lines y-{-x = and y — x = are at right angles. 

24. Given the lengths of two sides of a parallelogram and 
the angle between them, write down the equations to the 
two diagonals and find the angle between them ; taking one 
of the comers as origin, and the two sides which meet in that 
comer as axes. 

25. In the figure to Art. 76, take BA and BG as the axes 
of a; and y; suppose BA = a, BC=c; and let h, k, be the 
co-ordinates of D; then form the equations to AC, BJ), 
AD, CD. 

26. With the notation of the preceding question, find the 
co-ordinates of the middle point oi AC and those of the 
middle point of BD, and form the equation to the line passing 
through these two points. 

27. With the same notation find the co-ordinates of the 
middle point of EF, and thus shew that this point lies on 
the line joining the middle points oi AC and BD. 

28. If - + T = 1 J aJid — , + ^ = 1, be the equations to two 

a a o ^ 

lines, which with the co-ordinate axes (rectangular or ob- 
lique) contain equal areas, and x, y\ be the co-ordinates of 
the point of their intersection; shew that 



t — / • 

X a —a 



4—2 
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29. What points on the axis of a; are at a perpendicular 

OS 1/ 

distance a from the line -- + t=1? 

a 

30. Form the equation for determining the abscissa of a 

point, in the straight line of which the equation is - + ^ = 1, 

whose distance from a given point (a, ^) shall be equal to a 
given line c. Shew that there are in general two such points, 
and in the particular case in which those points coincide 

c' {a' + b') = {afi + ba-ab)\ 

31. Find the tangent of the angle between the two lines 
represented by the equation 

Ai/^ + Bxy + Coi? = 0. 

32. Find the points of intersection of the straight lines 
a? + 2y — 5 «= 0, 2a; + y — 7 = 0, and y — a; — 1 = ; and shew 

that the area of the triangle formed by them is - . 

33. The area of the triangle formed by the straight lines 

y = x tan a, y = x tan /8, i/ = x tan 7 + c, 

c* sin (a — )8) cos*7 



IS 



2 sin (a — 7) sin (^—7) * 



34. Given the equations to two parallel straight lines, 
find the distance between them. 

35. Determine the angle between the lines 

- = 4 cos ^ + 3 sin ^, - = 3 cos ^ ~ 4 sin ^. 

36. Interpret F(&) = ; for example, sin 3^ = 0. 

37. If the axes be inclined at an angle ©, the condition 
that the lines 

Ax-\-By-\' (7=0, ^'a: + ^y4-C'=0, 
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may be equally inclined to the axis of x in opposite direc- 
tions is 

"7 + — p = 2 cos «. 

38. In the preceding question, if besides being equally 
inclined to the axis of x the lines pass through the origin 
and are perpendicular to one another, the equation to the 
straight lines is 

a? + 2xy cos o) + y' cos 2© = 0. 

39. Two parallel lines are drawn at an inclination to 
the axis of x through the two points whose co-ordinates are 
a, J, and a , V ; shew that the distance between these lines 
is (J' — h) cos ^ — (a — a) sin 6, Hence determine the rect- 
angle whose sides pass through four given points, and whose 
axea is given. 

40. A square is moved so as always to have the two 
extremities of one of its diagonals upon two fixed lines at 
right angles to each other in the plane of the square ; shew 
that the extremities of the other diagonals will at the same 
time move upon two other fixed straight lines at right angles 
to each other. 

41. AB and BG are two lines perpendicular to each 
other, .4 is a fixed point, B moves along a given right 
line, and AB to BC is a given ratio ; determine the locus 
of C. 

42. Two lines of given length slide upon two given lines ; 
shew that the locus of a point, such that the sum of the areas 
made by joining with it the ends of the given lines is con- 
stant, is a straight line. Is the property true for all points 
of this line? 

•43. Shew that the lines FG, KB, AL, in the figure to 
Euclid I. 47, meet in a point. 

44. If upon the sides of a triangle as diagonals, paral- 
lelograms be described, having their sides parallel to two 
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given lines, the other diagonals of the parallelograms will 
meet in a point. 

45. If from a fixed point a straight line be drawn 
OABCD... meeting in A,B, C, D,... any given fixed straight 
lines in one plane, and if 

1111 



OX OA ' OB^ 00 
X being a point in OA^ the locus of X is a straight line. 

46. Shew that the area of the triangle contained by the 
axis of y and the lines 

is (^«"^i)' 

47. Determine the area of the triangle contained by the 
lines 

48. The area of the triangle formed by the three straight 

lines 

he -, ac ah 

y = aM-^ — , y^hx- — , y = cx-Y^ 



IS 



2 ' ^ '" 2 

(a — J) (5 — c) (c — a) 
8 



X cf 



y/ > V 






/ 



^ / 1 



' y ■-- ^'^ -^ 1 






/ 



/ 



'>' 









-/.u-:; •< 



.... ,''— / T 



1^ 
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CHAPTER IV. 

STRAIGHT LINE CONTINUED. 

65. We have seen that each of the equations 

Ax + B7/+ (7=0, Ax + B'7/+O'=0, 

represents a straight line. We will now interpret the equa- 
tion 

Ax + Bi/+C + X{A'x-hB'y+C')=^0 (1), 

where X is some constant quantity. 

I. Equation (1) must represent some straight line, because 
it is of the first degree in the variables x, y. (Art. 16). 

II. The line represented by (1) passes through the inter- 
section of the lines 

Ax^By^ C = (2), 

A'x + B'y^ ^' = (3). 

For the values of x and y which satisfy simultaneously (2) 
and (3) will obviously satisfy (1) ; that is, the point in which 
(2) and (3) intersect lies on (1). 

^ III. By giving a suitable value to the constant \ the 
equation (1) may be made to represent any straight line which 

'passes through the intersection of (2) and (3). 

For let a?!, yj, denote the co-ordinates of the point of inter- 
section of (2) and (3) ; suppose any line drawn through this 
point and let x^^y^^ be the co-ordinates of another point in it. 
Now we have already shewn in II. that the line (1) passes 
through (a?i, y^ ; we have therefore only to prove that by 
giving a suitable value to \ the line (1) can be made to pass 
through (a?2, yj, because two straight lines which have two 
common points must coincide. Substitute a;,, y^^ for x and y 
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respectively in (1), and determine X so as to satisfy the equa- 
tion. Thus 

Now use this value of X in (1) ; then the equation 
Ax + By+ C- ^^ ^p + g, {A'x + Ey^ (7') = 0...(4), 

represents a straight line passing through {x^^ y^ and (ajj, y^. 

We have thus proved that by giving a suitable value to \, 
the equation (1) will represent any straight line passing 
through the intersection of (2) and (3). 

66. The preceding article is very important, and com- 
monly presents difficulties to beginners. The student should 
not leave it until he is thoroughly familiar with the three 
propositions which are contained in it. The first proposition 
is obvious. To prove the second proposition the student may, 
if he pleases, actually find the values of x and y which satisfy 
simultaneously Ax + By +(7=0, and Ax + B'y + (7' = 0, 
and convince himself, by substituting these values, that they 
do satisfy Ax^-By+ G+\ [Ax + B'y -f G') = 0. There is, 
however, no necessity for solving the first equations, because 
it is evident that values of x and y which make Ax + By+0 
and Ax + B'y + G' vanish simultaneously must make 
Ax + By+ G + \ {Ax + B'y + G') vanish, because they make 
each of the two members of the expression vanish. The third 
proposition of the preceding article is usually the most dif- 
ficult — the student is apt to think it needs no demonstration. 
It may be obvious, however, that by giving different values 
to \, different lines are represented, and that we can thus 
obtain as many lines as we plea^se, but this does not shew 
that we can by a suitable value of \ in (1) represent any 
line passing through the intersection of (2) and (3). 

For example, if the straight lines (2) and (3) be D8E and 
F8G respectively, it might have happened that all the lines 
represented by (1) fell within the angle F8D and none 
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within F8E. It requires to "be proved then that by giving to 
\ a suitable value in (1), we can obtain the equation to any 
line through 8. 

67. It is often convenient to denote by a single symbol 
the expression which we equate to zero in our investigations 
in this subject; for example, in Art. 52 we have used the 
symbol a as an abbreviation for x cos a + y, sin a —p. In 
like manner we may denote such expressions as Ax -\-By + C, 

y—mx — c, --h^— 1,... by single symbols, as u, v,... u\,.. 

Now it will be seen that the demonstration in Art. 65 applies 
to any form of the equation to a straight line as well as to the 
form Ax + J5y +(7=0 which we have used. Hence the re- 
sult may be enunciated thus : — if u = 0, and v = 0, be the 
equations to two straight lines, and X a constant quantity, the 
equation w + Xv = will represent a straight line passing 
through the intersection of the two lines ; and by giving a 
suitable value to \, the equation will represent any straight 
line passing through the intersection of the two lines. 

68. If w = and v = be the equations to two lines, 
then as we have shewn, u + \v=0 will represent a straight 
line passing through their intersection ; it is sometimes con- 
venient to use the more symmetrical form lu + mv = 0, where 
I and m are both constants. It is obvious that what has 
been said respecting the first form applies to the second ; in 

fact the second is deducible from the first by writing -,- for X. 

• 

It must be remembered throughout this chapter that Z, m, 
n,... X,... are constants, though for shortness we may omit to 
state it specially in every article. 
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69. Similarly if w = 0, t? = 0, w= 0, be the equations to 
three straight lines, and I, m, n, be constants, the equation 

lu + mv + nw = 

will represent a straight line. Moreover, by giving suitable 
values to I, m, n, we may make this equation represent any 
straight line whatsoever. For suppose we wish this equation 
to represent the straight line passing through {x^, yj and 
(ajj, ^j). Let u^, v^y w^, denote the values of w, v, w, respect- 
ively when we put x^ for x and y^ for y ; and let u^, v^, w^, be 
the respective values when x^ and y^ are put for x and y 

respectively. Then determine the values of -j and -j from 



the 


equations 


+ 


nw^ 


= 0, 






\ + 


mv^ 


+ 


nw^ 


= 0; 


suppose we 


thus find 














m 
T" 






n 
V 


V 



substitute these values in the equation 



and we obtain 



m n ^ 

W + -T t?+ 7l£> = 0, 



il V 



or \u + fiv -\- vw = 0, 

which represents the line passing through the points (ar^, yj 
and (ajj, ^j). We suppose in this article that w = 0, t; = 0, 
tt? = 0, represent different lines ; and the demonstration fails 
if the lines all meet in a point, or are all parallel, which we 
leave to the student to examine ; he will find that the equa- 
tion which he obtains becomes an identity. 

70. Let.a = 0, y3 = 0, be the equations to two lines ex- 
pressed in terms of the perpendiculars from the origin and 
their inclinations to the axis (see Art. 50), so that a is an 
abbreviation for ajcos a + y sina— ^i, and /3 is an abbre- 
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viation for a;cos)9+y Bin fi —p^; we proceed to shew the 
meaning of the equations a — p = and a + /8 = 0. 



Let 



8A he the line a = 0, 
SB /3 = 0; 

Y 




let iS(7 bisect the angle A SB, and SB bisect the supplement 
o{ ASB; the angle BSG is therefore a right angle. Take 
any point P in SC and draw the perpendicmars PM, PN, on 
SA, SB, respectively. If x, y, be the co-ordinates of P, the 
length of PM is a by Art. 54, and the length of PN is )8. 
Since SC bisects the angle ASB, PM=PSf; therefore for 
any point in SC we have /8 = a; that is, the equation to 
Su is 

Similarly, the equation to SD is 

Thus a — ^ = and a + /8 = represent the two lines 
which pass through the intersection of a = and /S = and 
bisect the togles formed by these lines. 

71. The student must distinguish between the lines 
a — )3 = and a + ^8 = ; the following rule may be used : 
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the two lines a = 0, yS = 0, will divide the plane in which they 
lie into four compartments ; ascertain in which of these com- 
partments the origin of co-ordinates is situated ; a — /8 = 
bisects that angle between a = and /8 = in which the 
origin of co-ordinates lies. This is obvious from the investi- 
gation in the preceding article and the remarks in Arts. 
53, 54. 

72. The equation a + X)8 = represents a line such that 
X is the ratio of the perpendicular from any point of it on 
a = to the perpendicular on ^ = 0. From the figure to Art. 
70, we see that PJf= P/S sin P^if and FN= PS sin P8N; 

, ^ PM sin P8M . , , . ^ +i, *• r 

hence X or -^^=—1 — r7?7vr; that is, X expresses the ratio of 
PN sm P8N ' ^ 

the sine of the angle between a = and a + X/8 = to the 

sine of the angle between ^ = and a + X/8 = 0. 

73. We shall continue to express the equation to a straight 
line by the abbreviation a = when the equation is of the 
form X cosa+y sina— » = 0; when we do not wish to re- 
strict ourselves to this form, we shall use such notation as 
u = 0, v = 0, u =0, 

Let w = 0, V = 0, be the equations to two lines, the axes 
being rectangular or oblique ; then w — Xt? = and u-\-\v = 
represent two lines passing through the intersection of the 
first two. Suppose as in Art. 70 that 8A^ 8B, are the first 
two lines and 80, 8D, the second two ; then will 

sin C8A _ sin I)8A 
sin C8B~smD8B' 

For by Art. 57 it appears that if p be the perpendicular 
from a point {x, y) on the line w = 0, then p=ifiu where fi is 
a constant quantify ; similarly if p denote the perpendicular 
from the same point on v = 0, then p^fiv where /a' is a 
constant quantity. Hence the equation w — Xv = 0, or 

£-¥ = shews that £ = ^; thus we see that numeri- 
II fi p fi 

cally without regard to algebraical sign 
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sin C8A _Xfi 
sin C8B'~'il' 

Similarly, "^^ ^^^ = ¥ . 

^' sin JD8B fi' ' 

. sin 08A _ sin PSA 
•'•sin C8B''&mI)8B' 

74. We will apply the principles of the preceding articles 
to some examples. 

Let a = 0, ^ = 0, 7 = 0, be the equations to three lines 
which meet and form a triangle, and suppose the origin of 
co-ordinates vnthin the triangle; then the equations to the 
three lines bisecting the interior angles of the triangle are, 
by Art. 70, 

/8-7 = 0...(l); 7-a=0...(2); a-i9 = 0...(3). 

Hence these three lines meet in a point, because it is obvious 
that the values of x and y which simultaneously satisfy (1) 
and (2) will also satisfy (3). 

Again the equations to the three lines which pass through 
the angles of the triangle and bisect the angles supplemental 
to those of the triangle, are 

^ + ry = o...(4); 7 + a = 0...(5); a + /8 = 0...(6). 

It is obvious that (3), (4), and (5), meet in a point; simi- 
larly (5), (6), and (1), meet in a point; so likewise (4), (6), 
and (2), meet in a point. 

In all our propositions and examples of this kind, we shall 
always suppose the origin of co-ordinates within the triangle, 
unless the contrary be stated. 

75. The lines represented by the equations w = 0, t? = 0, 
1^ = 0, will meet in a point, provided lu + mv + nw is iderv- 
tically = ; I, m, n, being constants. For i£lu + mv + nw = 
identically^ we have 

lu + mv , 
!£, ss always. 
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Hence the equation w = may be written 

lu + mv 



n 



= 0, 



that is, the line w? = is a line passing through the inter- 
section of w = and v = 0. 

76. The following example will furnish a good exercise 
in the subject. 




B A E 



Let ABCD be a quadrilateral; draw the diagonals AC^ 
BD ; produce BA and CD to meet in E^ and AD and BC to 
meet in jP; join EF^ forming what is called the third diagonal 
of the quadnlateral. Suppose 

w = 0, the equation to AB^ (1), 

^^ = 0, BC, (2), 

w = 0, CD, (3). 

We propose to express the equations to the other lines of 
the figure in terms of u, v, w, and constant quantities. As- 
sume for the equation to BD 

lu'-mv^O (4), 

and for the equation to CA 

mv — nw = (5). 
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These assumptions are legitimate, because (4) represents 
some line passing through J?, whatever be the values of the 
constants I and m ; by properly assuming these constants, we 
may therefore make (4) represent BD. Also (5) represents 
some line through G, and by giving a suitable value to n, we 
may make it represent CA. We may if we please suppose 
one of the three constants I, m, n, equal to unity, but for the 
sake of symmetry we will not make this supposition. The 
equation to AJ) is 

lu — mv + nw = (6) ; 

for (6) represents a line passing through the intersection of 
lu — mv = and w = 0, that is, a line through D; also (6) 
represents a line passing through the intersection of u = 
and mv — nw = 0, that is, a line through A. Hence (6) re- 
presents AD. The equation to EF is 

lu + 7iw = (7); 

for (7) obviously represents some line through E, and since 
lu + nw = lu — mv + nw + mv^ (7) represents some line through 
F. Hence (7) represents EF. 

Let G be the intersection oi AC and BD. The equation 
to EQ is 

lu-nw = (8); 

for (8) represents a line passing through the intersection of 
(1) and (3), and also through the intersection of (4) and (5). 
The equation to FG is 

lu — 2mv -\- nw = (9) ; 

for (9) represents a line passing through the intersection of 
(4) and (5), and also through the intersection of (2) and (6). 

Suppose BD produced to meet EF in Hj and AG and 
^i^ produced to meet in K; then it may be shewn that the 
equation to 

AH is 2lu — mv + nw = Oy 
that to GH is mv + nw = 0, 

KB is lu + mv = 0, 

KD is lu -- mv + 2nw = 0. 
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We have introduced this example, not on account of any 
importance in the results, but as an exercise in forming the 
equations to lines. We proceed to another example. 

77. If there be two triangles such that the lines joining 
the corresponding angles meet in a point, then the intersec- 
tions of the corresponding sides lie in a straight line. 







'"••., 




Let ABC be one triangle, A'JB'C the other triangle ; let S 
be the point in which the lines AA', BB', CG\ meet. Let 
the equation to BC be w = 0, to CA v = 0, and to AB w = 0. 
Assume for the equation to 

B'C l'u+ mv +nw = (1), 

and to G'A' lu + mv + nw = (2). 

It is shewn in Art. 69 that the equation to B'C may be 
written in the above form, and by the method of that article 
it may be shewn that by giving suitable values to the con- 
stants Z, m, we may make (2) represent C'A\ We will now 
prove that the equation to A 'B' may be written in the form 

lu+mv + nw = (3). 

The constant n may be obviously determined, so as to 
make the line represented by (3) pass through A' ; let n be 
so determined ; it remains to shew that the line (3) will pass 
through B\ From (1) and (2) it follows that the equation 

(r-Z)w+(w-.m')i? = (4) 

represents some line through (7'; but (4) obviously represents 
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a line passing through the intersection of 5(7 and CA. Hence 
(4) is the equation to GG\ 

Again, the line represented by (3) by supposition passes 
through A'-y hence from (2) and (3) we see that 

{m' — w) v+ (n — w') tt; = (5) 

is the equation to AA\ 

The equation 

(f- T) w+ (7i-n') «?= (6) 

represents a line passing through the intersection of BG and 
-4j&, that is, through B] and from (4) and (5) it follows that 
this line passes through the intersection of GG' and AA\ 
that is, through 8. Hence (6) is the equation to 8B. 

Now from (1) and (3) it follows that the lines represented 
by these equations meet on the line (6). Hence (3) is the 
equation to A'B'. 

The required proposition now easily follows : for the line 
represented by 

lu + mv^nw = (7) 

passes through the intersection of BG and -B'(7', of GA and 
C'A\ and oiAB and A'B' ; that is, these three intersections 
are in the same straight line. 

If we wish to prove the converse, we may begin with the 
equations to -8(7, GA, AB, B'G', G'A' e^ before, and assume 
(3) as the equation to some line through A'. Then (7) will 
represent the line passing through the intersection of BG and 
B (7', and of Ga and G'A' ; now (3) is the equation to a 
line passing through the intersection of AB and (7) ; hence 
(3) must be the equation to A'B'. Then from tne form of 
(1), (2), and (3), it follows immediately that GG' passes 
through the intersection of AA' and BB'. 

It mav be shewn also that the equation to the line which 
passes through the intersection of AB ani A'G'y and oi AG 
And A'B' is 

lu-k-mlv + n'w-O (8). 

5 
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And the intersection of (8) with BG will lie on the line 

Tu + n^u + riu^^O (9). 

Similarly the line joining the intersection of BA and B'C 
with the intersection of jB(7and B'A' will meet CA on (9). 
And also the line joininff the intersection of CA and C'S 
with the intersection of GB and G'A' will meet AB on (9). 

78. The equation w + Xi; = represents a straight line 
passing through the intersection of the lines w = 0, i; = 0. 
Hence if there be a series of straight lines the equations of 
which are all of the form w + \v = 0, and differ merely in 
having different values of the constant X, all these lines pass 
through a point, namely, the intersection of w = and t? = 0. 



EXAMPLES. 

1. Find the equation to the straight line passing through 
the origin and the point of intersection of the lines 

? + y = l £ + 2^ = 1 

2. -4, A\ are two points on the axis of a?, and j5, B\ on 
that of ^, at given distances from the origin ; AB and A'B' 
intersect in P, and AB and A'B in Q\ find the equation to the 
straight line PQ, and shew that the axes are divided har- 
monically by it. 

3. K a = 0, )S = 0, 7 = 0, be the equations to the sides 
of a triangle ABG opposite the angles A, By G, prove that 
a sin ^ — )8 sin 5 = is the equation to the straight line 
bisecting AB from G, 

4. Prove by means of such equations as that given in the 
preceding question the first proposition in Art. 64. 

5. Shew that a cos -4 — /8 cos J5= is the equation to the 
perpendicular from G on AB 
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6. Hence prove the second proposition in Art. 64. 

7. If a, J, c, be the lengths of the sides of a triangle 
opposite the angles A^ B^ (X respectively, prove that 

a cos J. — /8 cos -B+^ (sin £ cos-4 — sin^ cos B)=0 

is the equation to the line which bisects AB and is perpen- 
dicnlax to it. The equation may also be written 

/ a sin 5 sin (7\ . /^ . 5 sin (7sin^\ ^ ^ 

a+ — J—. — -. — cos u4-h8 + — -—. — ^ — ) cosjB=0. 
V 2 sin ^ y V 2 sm J? / 

8. Hence prove the third proposition in Art, 64. 

9. Interpret the equation oa + 5/8 = 0. 

10. Shew that aa + S)8 — 07 = is the equation to the line 
which joins the middle points oi AG and BC. 

11. Shew that 

a cos -4 + /8 cos jB— 7 cos (7= 

is the equation to the line which joins the feet of the perpen- 
diculars from A on -B(7, and from B on AC. 

12. If lines be drawn bisecting the angles of a triangle 
and the exterior angles formed by producing the sides, these 
lines will intersect in only four pomts besides the angles of 
the triangle. 

13. If w = 0, v = 0, t£?=0, be the equations to three 
straight lines, find the equation to the line passing through 
the two points 

1 — — — — > and Y' — IT' — "Z? • 

14. Find the equation to the straight line passing through 
the intersections of the pairs of lines 

2aw + Ji; + cw? = 0, Jt? — oi^ = ; 

and 2 Jw + av + ct(? = 0, av — cw = Q. 

5—2 
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15. If through the fixed points P, Q, parallel lines be 
drawn meeting two fixed parallel lines in the points M 
and N respectively, then the line through the points M, -AT, 
passes through a fixed point. 

16. K the equations to the sides of a triangle ABC be 
u=Oy v = 0, w = 0, and to the sides of a triangle A'B'C\ 
u = a, v — b, w = c, then will AA', BB\ and GG'y meet in 
a point. 

17. If the lines AA\ BB\ CO', in the last question meet 
respectively the sides of the triangle ABG in B, E, F, shew 
that the intersections of 2>^ and AB, EF and BG, FD and 
CA, will all lie in one straight line ; and that a similar pro- 
perty will hold for the intersections of the same lines with 
the sides of the triangle A'B'C. 

18. In Art. 76, suppose the line joining F and G 
to meet AB in P and uB in Q; then find the equations 
to CP, BPy AQ, BQ, in terms of the notation of that 
article. 

19. From the middle points of the sides of a triangle 
perpendiculars are drawn (all internal or all external) and 
proportional to those sides ; prove that the straight lines 
which join the angles with the extremities of the opposite 
perpendiculars pass through one point. 

20. Let the three diagonals of a quadrilateral be produced 
to meet each other in three points, and let each of these 

f)oints be joined with the two opposite comers of the quadri- 
ateral; the six lines so drawn will meet each other three 
and three in four points. 

21. In the figure constructed in the preceding question 
the four lines which meet each other in any comer of the 
quadrilateral are so related that two of them are parallel to 
the sides, and two to the diagonals of some parallelogram. 

22. Prove that the three points of intersection which are 
found in questions 4, 6, 8, lie on the straight line 

a sin A cos A sin {B— G)+fi sin B cosB sin (G—A) 

+ 7 sin (7 cos G sin {A — B) = 0. 
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23. Let any point P be taken in the plane of the triangle 
ABC, and from the angular points A, B, (7, straieht lines 
drawn through it cutting the opposite sides or tiie sides 
produced in a, J, c, respectively; let BG, he, be produced 
to meet in a ; CA and ca in 5' ; and AB and abmc i then 
shew that the points a , h\ c, are in one straight line. 

Also prove that the straight lines Bb', Cc\ and Aa, meet 
in one point ; so also Gc\ Aa\ and Bb ; and Aa, Bb\ and 
Cc. 
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CHAPTER V. 



TRANSFORMATION OP CO-ORDINATES. 

79. We have seen in the preceding articles that the 
aeneral equation to a straight line is of the form y = thx + c, 
but that the equation takes more simple forms in particular 
cases. K the origin is on the line the equation becomes 
y = mXy if the axis of x coincides toith the line, the equation 
becomes y = 0. In a similar manner we shall see as we 
proceed that the equation to a curve often assumes a more 
or less simple form, according to the position of the origin 
and of the axes. It is consequently found convenient to 
introduce the propositions of the present chapter, which enable 
us when we know the co-ordinates of a point with respect to 
an^ origin and axes, to express the co-ordinates of the same 
pomt with respect to any other given origin and axes. It 
will be seen that these propositions might have been placed 
at the end of the first chapter, as they involve none of the 
results of the succeeding chapters. 

80. To change the origin of co-ordinates without changing 
the direction of the axes, the axes being oblique or rectangular. 
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Let ox, or, be the original axes; OX', OY\ the new 
axes; so that O'X' is parallel to OX, and OY' to OF. 
Let A, A, be the co-ordinates of O with respect to 0. Let P 
be any point ; a?, y , its co-ordinates referred to the old axes ; 
a?', y\ its co-ordinates referred to the new axes. 

Let Y' O produced cut OX in A ; draw TM parallel to 
OF meeting OX in N\ then 

0^ = A, ^0' = A; 

x^OM^AM^ 0A= ON-h OA^x'+h, 

y=.PM=^PN'\'2fM=PN'\'AO=-y'+Jc. 

Hence the old co-ordinates of P are expressed in terms of 
its new co-ordinates. 

81. To change the direction of the axes without changing 
the origin, both ayst&tm heing rectangular. 




Let OX, OF, be the old axes; OX', 0Y\ the new axes, 
both systems being rectangular; let the angle X0X' = 5. 
Let P be any point ; a?, y, its co-ordinates referred to the old 
axes ; a;', y\ its co-ordinates referred to the new axes. Draw 
Pif parallel to OY, PM' parallel to 0Y\ M'N parallel to 
OY, and M'R parallel to OX 

Then X = OM^ ON-^ MN= ON-- M'R 

^OM' coaXOX' -PM' sin M'PB 
= x' cos — y' sin ; 
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= aj' sin ^ + y' cos 6. 

Hence the old co-ordinates of P axe expressed in terms of 
its new co-ordinates. 

82. In the preceding article is measured from the posi- 
tive part of the axis of x towards the positive part of the axis 
ofy; therefore if in any example to which the formulae are 
applied, OX* fall on the other side of OX^ must be con- 
sidered negative. 

From the formulae of the preceding article, we see that 

this of course should be the case, since the distance OP is the 
same whichever system of axes we use- 

83. To change the direction of the axes withqut changing 
the origin^ both systems being oblique. 




^••••••^ — 
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Let OX, OY, be the old axes; 0X\ 0Y\ the new axes. 
Let {XY) denote the angle between OX, OY; and let a 
similar notation be used to express the other angles which 
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are formed by the lines meeting at 0. Let P be any point ; 
a?, y, its co-ordinates referred to the old axes ; x\y ^ its co- 
ordinates referred to the new axes. Draw PM parallel to 
OY, and PM' parallel to OF'; from Pand Jf draw Pi, 
M'N perpendicmar to OF; from M' draw M'R perpendi- 
cular to PL. Then 

x=^OM, y^PM\ 

x' = OM, y = PM\ 

Now Pi = perpendicular from Jlf on 0F= a; sin (XF), 
also PL = BL + PB = M'N+PB 

= OM' BiaX'OY+PM' sin Y'OY 
= aj'sin(X'F)+ysin(F'F); 
.-. X sin (XF) =aj' sin (X'F) +y sin (F'F) (1). 

Similarly by drawing from P and M' perpendiculars on 
OX we may prove that 

y sin(FZ) = i»'sm (X'X) +y sin (Y'X) (2). 

Equations (1) and (2) express the old co-ordinates of P in 
terms of its new co-ordinates; (FZ) and {XY) denote the 
same angle, but we use both expressions for greater sym- 
metry. 

LetXOX' = a, XOY'^P, XOY^fo; then (1) and (2) 
become 

X sin© = a:'sin((» — a) +ysin ((» — /8) (3), 

y sin« = a;' sina +y' sin^ (4). 

84. Two particular cases of the general proposition in the 
preceding article may be noticed. 

If the original axes are rectangular fi> = ^ , and the equa- 
tions (3) and (4) become 

ic = a?' cos a + y' cos /8, 
y = aj' sin a + y ' sin ^. 
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If the new axes be rectangular /8 = ^ + a, and the equa- 
tions (3) and (4) become 

a? sin 0) = a;' sin (ft) — a) — y' cos (w — a), 

y sin © = a' sin a + y' cos a. 

85. Suppose we require to change both the origin and 
the direction of the axes ; let a;, y, be the co-ordinates of 
a point referred to the old axes ; a;', y', the co-ordinates of 
the same point referred to the new axes. By Arts. 80 and 
83 we have 

aj = ajj + ^, 

y^Vx + h 

where h and Ic are the co-ordinates of the new origin referred 
to the old axes, and 

_ x' sin (o) — a) -f y sin (© — ^) 
^ sm G) 

_ X* sin a + ^' sin /8 
^^ smo) 

The expressions for x^ and y^ will simplify when one or 
each of the systems is rectangular. (See Art. 84.) 

86. The formulae which connect the rectangular and polar 
co-ordinates of a point in the particular case in which the 
origin is the same in both systems, and the axis of x 
coincides with the initial line have already been given. 
(See Art. 8.) The following is the general proposition. 

To connect the polar and rectangular co-ordinates of a 
point. 

Let OX, OY, be the rectangular axes; let 8 be the pole 
and 8A the initial line. Let A, k, be the co-ordinates of 8 
referred to 0; draw 8X' parallel to OX, and let the angle 
A8X' = a. 
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Let P be any point ; a?, y, its co-ordinates referred to the 
rectangular axes; r, 0^ its polar co-ordinates. Draw PM^ 
8Gj parallel to OF, the former cutting SX' in N^ and join 
8P] then 

x=OM, y = PM, 

r=8P, = the angle PSA. 

And aj= 0C+ GM^ 0C+ 8N 

= h + r cos {0 + a) (1), 

y^MN+PN= 8G+PN 

= k + r sin(^ + a) (2). 

If a = we have 

a; = A + r cos ^ (3), 

yzszJc + r sin^ (4). 

87. By means of the formidae of the present chapter we 
shall sometimes be able to simplify the form of an equation ; 
for example, the axes being rectangular, suppose we have 

y* + a?* + 6ajy=2 (1). 

^ This equation represents some locus, and by ascribing 
different values to x and determining the corresponding 
values of y from the equation, we can find as many points 
of the locus as we please. The equation however will be 
simplified by turning the axes through an angle of 45^. In 

the formulae of Art. 81 put j for ^; thus 
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^ V2 ' ^ V2 ^^' 

Substitute these values in (1) ; thus 

/. 2 (a?'* + 6x'Y + y") + 6 {x'' - y*)^ = 8, 
or aj'* + y'*=l (3). 

Since (3) is a simpler form than (1), we shall find it easier 
to trace the locus by using (3) and the new axes, than hj 
using (1) and the old axes. The student must observe that 
we make no change in the locus by thus changing the axes 
or the origin to which we refer it; that is, equation (1) 
represents precisely the same assemblage of points as (2) ^ 
for instance, the point for which x =\ and y' = is ob- 
viously situated on the locus (3) ; now this point in space will 
by (2) have for its co-ordinates referred to the old system 

and these values satisfy (1), that is, this point in space is on 
the locus (1). 

We may remark that we cannot alter the degree of an 
equation by transforming the co-ordinates. For if in the 
expression Aafy^ we substitute the values of x and y in terms 
of x' and y' given in Arts. 80 — 84, we obtain 

A{ax' +hy' ^-hy {ex ^^ ey' -\- hf 

where a, 5, c, e, h^ k, are all constant quantities ; by expand- 
ing this expression we shall obtain a series of terms of the 
form A'x'yy'^ where y + S cannot be greater than a + 13. 
Hence the degree of an equation cannot be raised by trans- 
formation of co-ordinates. Neither can it be depressed; for 
if from a given equation we could by transformation obtain 
one of a lower degree, then by retracing our steps we should 
be able from the second equation to obtain one of a higher 
degree which has been proved to be impossible. 
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EXAMPLES. 

1. Change the equation r^^cf cos 20 into one between 
X and y. 

2. Shew that the equation ^xy — So? = a' is changed into 
a? — 4:7^ = a*, if the axes be turned through an angle whose 
tangent is 2. 

3. Transform V^ + Vy = Vc so that the new axis of x 
may be inclined at 45^ to the original axis. 

4. The equation to a curve referred to rectangular axes 
is y* + 4ay cot a — Aax = ; find its equation referred to 
oblique axes inclined at an angle a retaining the same axis 
of X. 

6. Shew that the equation a?i^ = a{af + ^ will admit of 
solution with respect to y' if the axes be moved through an 
angle of 45°. 

6. If X, V, be co-ordinates of a point referred to one system 
of axes, and a?', y', the co-ordinates of the same point referred 
to another system, and 

X = mx' + ny'y y = m'x' + ny\ 

shew that 

w -f m — 1 __ mm 
n + w — 1 nn 



( 78 ) 



CHAPTER VI. 



THE CIRCLE. 



88. We now proceed to the consideration of the loci 
represented by equations of the second degree ; the simplest 
ot these is the circle with which we shall commence. 

To find the equation to the circle referred to any rect- 
angular aaes. 




Let G be the centre of the circle ; P any point on its cir- 
cumference. Let c be the radius of the circle; a, J, the 
co-ordinates of (7; a?, y, the co-ordinates of P. Draw CN^ 
PM, parallel to OY, and GQ parallel to OX. Then 

GQ' + PQ'^GP'; 

that is, («-a)' + (y-5)" = c* (1), 

or aj*+y*-2aa;-2iy + a* + J*-c'=0 (2). 

This is the equation required. 
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The following varieties occur in the equation. 

I. Suppose the origin of co-ordinates at the centre of the 
circle ; then a = 0, and J = ; thus (1) and (2) become 

a?+y'-c^ = (3). 

II. Suppose the origin on the circumference of the circle ; 
then the values a: = 0, y = 0, must satisfy (1) and (2) ; 
therefore 

a« + J"-c* = 0, 

which relation is also ohvious from the figure, when is on 
the circumference ; hence (2) becomes 

a? + y"-2aa;-2iy = (4). 

III. Suppose the origin is on the circumference, and that 
the diameter which passes through the origin is taken for the 
axis of X ; then 6 = 0, and a^ = c^; hence (2) becomes 

a? + f-2ax = (5). 

Similarly if the origin be on the circumference and the 
axis of y coincide with the diameter through the origin, we 
have a = 0, and b*=:c^; hence (2) becomes 

a? + f-2hy = (6). 

Hence we conclude from (2) and the following equations, 
that the equation to a circle is always of the form 

where A, -B, G, are constant quantities which in particular 
cases are equal to zero. 

89. We shall next examine, conversely, if the equation 

a?+f + Ax + By+C^O (1) 

always has a circle for its locus. 
EquatiMi (1) may be written 

(«+ 2) +(y + -2J =— 4 ^- (2)- 



n 
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I. If -4' H- -B* — 4(7 be negative the locus is impossible. 

II. If ^" + -B" — 4(7=0, equation (2) represents a point 

A B 

tbe co-ordinates of which axe — — , — — . This point may be 

considered as a circle which has an indefinitely small radius. 

III. K^'^H-^'— 4(7 be positive we see by comparing 
equation (2) with equation (1) of the preceding article that it 
represents a circle, such that the co-ordinates of its centre are 

, , and its radius 

2 ' 2' 

i(^» + 5'-4C)*. 

It will be a useful exercise to construct the circles repre- 
sented by given equations of the form 

a?+y' + ^a? + 5y+ (7=0. 

For example, suppose, 

ic' + y'+4aj-8^-5=0, 

or (a; + 2)"+ (y -4)* = 5 + 4 + 16 = 25. 

Here the co-ordinates of the centre are —2, 4, and the 
radius is 5. 

Tangent and Normal to a Circle. 

90. Def. Let two points be taken on a curve and a 
secant drawn through them ; let the first point remain fixed 
and the second point move on the curve up to the first ; the 
limiting position of the secant is called the tangent to the 
curve at the first point. 

91. To find the eqtuztion to the tangent at any point of a, 
circle. 

Let the equation to the circle be 

a? + / = c" (1). 

Let x\ y\ be the co-ordinates of the point on the circle at 
which the tangent is drawn ; and x\ y*\ the co-ordinates of 
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an adjacent point on the circle. The equation to the secant 
through {xy y') and (a?", y") is 



tt ^j 



y-y'^^jr^.ip'-^') (2). 



X —X 



Now since (a;', y') and (a", y") are both on the circumfer- 
ence of the circle, 

x'*+y''=<?, 

/. by subtraction, 

or ix" - x') {x" + x') + if -y') {y"+y') = ; 



. y -y _ x +x 

X —X y -i-y 



Hence (2) may be written 

y-y =-yq7^r(^-a^) (3). 

Now in the limit when {x'\y") coincides with {x\ y'), we 
have a?" = x\ and y" = y ; hence (3) becomes 

f ^X f fK ^ t t\ 

Thus the equation to the tangent at the point («', y') is 

y-y = -^(»-a;0 (4). 

This equation may be simplified ; by multiplying by y' and 
transposing we have 

XX -Vyy* -x^ + y'^\ 

.\ XX +yy' = c^ (5). 

92. The equation to the tangent can be conveniently ex- 
pressed in terms of the tangent of the angle which the line 

6 
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makes with the axis of x. For the equation to the tangent 
at (a-', y) is 

yy 4- axe' = c", 

x' c" 

or y = - -7 a; + - . 

y y 

X 

Let — 7 = w ; thus the equation becomes 

^ y 

We have then to express —, in terms of w. 

Now a?' = — my\ 

and x'* + y'^ = c' ; 

and v' = —77^ 5T • 

Hence the equation to the tangent may be written 

y = rnx + cV(l 4- ^y*^)* 

Conversely every line whose equation is of this form is a 
tangent to the circle. 

93. The definition in Art. 90 may appear arbitrary to the 
student and he may ask why we do not adopt that given by 
Euclid (Def. 2, Book in.). To this we reply that the defini- 
tion in Art. 90 will be convenient for every curve, which is not 
the case with Euclid's definition. The student however cannot 
at first be a judge of the necessity or propriety of any defini- 
tion ; he must confine himself to examining the consequences 
of the definition and the accuracy of the reasoning based 
upon it. 

We may easily shew however that the line represented by 
the equation 

XX -^-yy' = (? (1) 
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UmcheSy according to Euclid's definition, the circle 

<>?+y' = <? (2), 

the point [x\ y') being supposed to lie on liie circle. To find 
the point or points of intersection of the line and circle we 
combine the equations (1) and (2) ; substitute in (2) the value 
of y firom (1), then, 



..(^y=.. 



or a^ (a;" + y"^ - "i^x'x + c* - c'y'* = 0, 

or <?a?-2<?aix + <?x'*=^0; 

.'. ar* - 2axB' + a;'* = ; 

• . JO — 3C , 

.-. from (1), y = y'. 

Hence (1) and (2) meet in only one point, the point {x\ y). 
Hence (1) touches the circle according to Euclid's definition. 

94. Also every line which meets the circle in one point 
only is a tangent to the circle. 

For suppose 

to be the equation to a circle and 

y = mx-\-n 

the equation to a straight line; to find the points of inter- 
section of the line and circle we combine the equations ; thus 
we obtain 

{mx -\-nf +01? = c", 
or {m? + \)a?-\- 2mnx + n* — c' = 

to determine the abscissae of the points. Now this quadratic 
equation will have two roots except when 

(m'+l)(n'-c')=wV, 

that is, when n^ = c" (1 + m^), 

6—2 
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Hence if the straight line meets the circle it must meet it 
in two points imless this condition holds, and then, by Art. 92, 
the line is a tangent to the circle. 

95. Instead of supposing one of the points on the circle 
fixed and the other to move along the circle as in the defini- 
tion of Art. 90 we may suppose both to move along the circle 
imtil they meet at some fixed point of the circle, and the 
limiting position of the secant will be the tangent at that 
fixed point. For let {x\ y') and (a?", y") denote the two 
moving points on the circle, and (aj^, yj the fixed point. 
Then as in equation (3) of Art. 91, we shall have for the 
equation to the secant 

In the limit x' and x" each = x^, and y' and y" each = y^, and 
we obtain for the equation to the tangent at (Xj, y^ 

which agrees with the former result. 

96. If the equation to a circle be given in the form 

we may find the equation to the tangent at any point in the 
same manner as in Art. 91. 

Let {x\ y) be the point on the circle at which the tangent 
is drawn ; {x\ y") an adjacent point on the circle ; then 

... (^" _ ay - {x' - ay + {y" - by - (y - by = o, 

or (a;"-aj')(a:"+a:'-2a) + (y'-y)(/ + y-2J)=0...(l). 
Also the equation to a secant through {x', y) and (pc!\ y") is 

y-y=fc|i(^-a'') (2). 
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By means of (1) this may be written 

y-y =- y-+y-2& ('^-'^) (3). 

Now in the limit x" = x and y"=zy'] hence we have for 
the equation to the tangent at {x\ y) 

y -y = ""T^l (^" ^') (^)- 

This may be written 

y»5«(y-J)=_^-Z|{a;-a-.(aj'-a)}; 

/. (aj-a)(x'-a) + (y-J)(y-J) 

=:(aj'_a)*+(y'-.J)« = c" ,.(5). 

97. Dep. The normal at any point of a curve is a straight 
line drawn through that point perpendicular to the tangent to 
the curve at that point. 

98. To find the equation to the normal at any point of a 
circle. 

Let the equation to the circle be 

a?+y' = <? (1), 

and let x\ y\ be the co-ordinates of a point on the circle, thexi 
the equation to the tangent at that point is 

xx' ^-yy ^(?y 

X* c? 

or y = -_^+-. 

Hence the equation to a line through {x\ y') perpendicular 
to the tangent at that point is 

y' 

or v = Sa?. 

*^ x 
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Since this equation is satisfied by the values x = 0, y = 0, 
the normal at any point passes through the origin of co-ordi- 
nates, that is, through the centre of the circle. 

99. From any eoctemal point two tangents can be drawn to 
a circle. 

Let the equation to a circle be 

a? + t/' = (^ (1), 

and let h, k, be the co-ordinates of an external point. Sup- 
pose X, y\ the co-ordinates of a point on the circle such that 
the tangent at this point passes through (A, k). The equation 
to the tangent at {x , y) is 

xx+yy' = (? (2). 

Since this passes through (A, k) 

hx' + ky' = c^ (3). 

Also since {x\ y') is on the circle 

x''+y" = (? (4). 

Equations (3) and (4) determine the values of x and y\ 
Substitute fi:om (3) in (4), thus 



'"^i- 



,8 I '\a 



hx'' 

X'+[ T \=C' 



The roots of this quadratic will be found to be both possible 
since {h,k) is an external point and therefore A* + Ar greater 
than c*. To each value of x' corresponds one value ot y by 
(3) ; hence two tangents can be drawn from any external 
point. 

The line which passes through the points where these 
tangents meet the curcle is called the chord of contact, 

100. Tangents are drawn to a circle from a given eoctemal 
point; to find the equation to the chord ofconta^. 

Let h, k, be the co-ordinates of the external point ; a?^, yj, 
the co-ordinates of the point where one of the tangents from 
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(A, h) meets the circle ; a?,, y„ the co-ordinates of the point 
"where the other tangent from (A, h) meets the circle. 

The equation to the tangent at (aj^, y^ is 

a^i+y3^i = <5* U)- 

Since this tangent passes through (A, A;), we have 

hx^ + 1cy^ = <? (2). 

Similarly, since the tangent at (a?,, y^ passes through 
(A, i), 

Aa^-f %, = c' (3). 

Hence it follows that the equation to the chord of con- 
tact is 

xh-\-yTc = (? (4). 

Por (4) is obviously the equation to some straight line; also 
this line passes through {x^, y^), for (4) is satisfied by the 
values a? = a?j, y^y^, as we see from (2) ; similarly from (3) 
we conclude that this line passes through {x^, y^. Hence (4) 
is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to a circle from a given external point — draw the line which 
is represented by (4) ; join the pomts where it meets the circle 
with the given external point and the lines thus obtained are 
the required tangents. 

101. Through any fixed poird chords are drawn to a circle^ 
and tangents to the circle dravm at the extremities of each chord; 
the locus of the intersection of the tangents is a straight line. 

Let A, k, be the co-ordinates of the point through which 
the chords are drawn ; let tangents to the circle be drawn at 
the extremities of one of these chords, and let (a?^, y^ be the 
point in which they meet. The equation to the correspond- 
mg chord of qontact is, by Art. 100, 

But this chord passes through (A, k) ; therefore 

Aa?j + ky^ = (?. 
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Hence the point (a?^, y^, lies on the line 

xh+yh = ^] 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

102. If from any point in a straight line a pair of tangents 
be drawn to a circle^ tile chords ofcordact will all pass through a 
ftxedpoint. 

Let Ax'\-By^C=0 (1) 

be the equation to the straight line ; let {x\ y) be a point 
in this line from which tangents are drawn to the circle ; 
then the equation to the corresponding chord of contact is 

XX* -^-yy' — (? (2). 

Since {x\ y') is on (1) 

Ax'^-By*+C=(); 

therefore (2) may be written 

Ax+C _^ 

^^^ "" y "td ■" ^> 



or. 



(,_^),._^_e-0 (3). 



Now, whatever be the value of x\ this line passes through 
the point whose co-ordinates are found by the simultaneouB 
equations 

»-^ = 0, ^ + c* = 0; 

that id, the point for which 

103. The student should observe the di£ferent interpreta- 
tions that can be assigned to the equation 

a?A + y^ — c' = 0. 
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I. If (A, Ic) be any point whatever the equation repre- 
sents the locus of the intersection of tangents at the extremi- 
ties of each chord through (A, A). (Art. 101.) 

II. If (A, 1c) be an external point, the equation represents 
the chord of contact, (Art. 100.; 

in. If (A, Ic) be on the circle, the equation represents the 
tangent at that point. (Art. 91.) 

In the following figures Q denotes the point (A, i), and 
RB the line 





In the first figure Q is within the circle, and the line RR 
receives only the interpretation I. 

In the second figure Q is without the circle, hence the line 
RR receives both interpretations I. and II. ; if therefore tan- 
gents be drawn firom Q to the circle they will meet it at the 
points where RR intersects it. 

If C be ow the circle, then RR becomes the tangent at Q. 



90 
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Obltqtte Axes. 

104. To find the equation to the circle referred to any 
oblique axes* 




Let 0) be the inclination of the axes ;* let G be the centre of 
the circle ; P any point on its circumference. Let c be the 
radius of the circle ; a, i, the co-ordinates of (7; a?, y, the 
co-ordinates of P. Draw ON, PM, parallel to OF, and GQ 
parallel to OX. Then 

GP^ = GQ^ + PO' - 2 GQ.PQ cos GQP 

=:GQ' + PQ^ + 2GQ.PQco&(o; 

. that is, {x — a)' + (y — J)" + 2 (a; — a) {y — J) cos a> = c* ; 

or as^ + ^ -f 2a?y cos o) — 2 (a + J cos o)) x — 2 (J + a cos a>)y 

+ a'+ J* + 2aJ cosa>-c* = 0. 

Hence the equation to the circle referred to oblique axes is 
of the form 

a?+^ + 2a:y cos © + ^o; + jBy -f (7=0, 
where A, By 0/are constant quantities. 
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Polar Equation. 
105. To find the polar equation to the circle. 




S X 



Let 8 be the pole, 8X the initial line ; G the centre of the 
circle, P any point on its circumference. 

Let SC=^l, CSX = ay so that I, a, are the polar co-ordi- 
nates of C; let c be the radius of the circle ; and let r, 0, be 
the polar co-ordinates of P. 

Then CP' = P8' + C8' - 2P8. C8. cos P8C ; 

that is, (? = f^+P'-2lr cos (^-a) (1), 

or, r^ — 2rl (cos a cos ^ + sin a sin ^) + Z* — c* = 0.... (2). 

Hence the polar equation to the circle is of the form 

7^-^Ar 00^0 + Br Qm0+ (7 = (3). 

The polar equation may also be deduced from the equation 
referred to rectangular axes in Art. 88, by putting r cos tf and 
r sin 5 for x and y respectively. 

If the initial line be a diameter we have a = 0, hence (1) 
becomes 

r'-2fo-cos^ + Z"-c'=0 (4). 

H, in addition, the origin be on the circumference P =? c*, 

.*. r = 2Zcos^ (5). 
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106. To express the perpendicular from the origin on the 
tangent at any point in terms of the radius vector of that 
point. 

Let 8Q be the perpendicular from the origin on the tan- 
gent at P, and suppose 8Q =p ; then 

8C' = 8P' + PC - 28P.PG cos 8PG 

= 8P^ + PC - 28P.PG sin 8PQ ; 

that is, Z' = r' + c'-2<5p. 

In the figure 8 and C are on the same side of the tangent 
at P. If we take P so that the tangent at P falls between 8 
and O, we shall find 

Z« = r^ + c» + 2cp. 

107. These equations are sometimes useful in the solution 
of problems, or demonstration of properties of the circle. For 
example, take the equation (4) in Art. (105), 

by the theory of quadratic equations we see that the product 
of the two values of r corresponding to any value of d is 
Z* — c", which is independent of 0. This agrees with Euclid 
III. 35, 36. 

Also the sum of the two values of r is 2l cos ; hence if a 
line be drawn through the pole at an inclination to the 
initial line, the polar co-ordinates of the middle point of the 
chord which the circle cuts off from this line are 

— - — , and ; that is, I cos 0, and 0. 

Hence the polar equation to the locus of the middle points 
of the chord is 

r = Z cos 0^ 

which by (5) in Art. 105, is a circle, of which the diameter 
is I. 
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EXAMPLES. 

1. Determine the position and magnitude of the circles 

(1) a?4-y + 4y-4a;-l=0, 

(2) aj'+y^ + 6a;--3y-l = 0. 

2. Find the points of intersection of the circle 

with the lines 

y + a? = — 1, ^4-0; = — 5, and 3y + 4a;= — 25. 

3. A circle passes through the origin and intercepts 
lengths hanik respectively from the positive parts of the axes 
of X and y ; determme the equation to the circle. 

I 

4. A circle passes through the points (A, k) and {h', Tc) ; 
shew that its centre must lie on the line 

5. On the line joining {x\ y) and (x", y") as diameter a 
circle is described ; find its equation. 

6. A and B are two fixed points, and P a point such 
that AP=mBP, where m is a constant; shew that the locus 
of P is a circle, except when wi = 1. 

7. The locus of the point from which two given unequal 
circles subtend equal angles is a circle. 

8. Find the equation which determines the points of inter- 
section of the line 

and the circle 

a?'\'y^-2ax-2by-0. 

Deduce the relation that must hold in order that the line may 
Umch the circle. 
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9. Find the equation to the tangent at the origin for the 
circle 

10. Shew that the length of the common chord of the 
circles whose equations are 

(a:_ar+(y-J)» = c», (a: - J)« + (y - a)» = c», 

is V{4c"-2(a-Jn. 

11. A point moves so that the sum of the squares of its 
distances from the four sides of a square is constant ; shew 
that the locus of the point is a circle. 

12. A point moves so that the sum of the squares of its 
distances from the sides of an equilateral triangle is constant ; 
shew that the locus of the point is a circle. 

13. A point moves so that the sum of the squares of its 
distances from any given number of fixed points is constant ; 
shew that the locus is a circle. 

14. Shew what the equation to the circle becomes when 
the origin is a point on the perimeter, and the axes are in- 
clined at an angle of 120°, and the parts of them intercepted 
by the circle are h and h, 

15. What must be the inclination of the axes that the 
equation 

a;*+y^ — a?y — Aaj — Ay = 

may represent a circle? Determine the position and magni- 
tude of the circle. 

16. What must be the inclination of the axes that the 
equation 

a?*+y^ + a?y — ^— % = 

may represent a circle. Determine the position and magni- 
tude 01 the circle. 

17. Determine the equation to the circle which has its 
centre at the origin, and its radius =3, the axes being 
inclined at an angle of 45° 
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18. Determine the equation to the circle which has each 
of the co-ordinates of its centre = — J and its radius = -rr , 
the axes being inclined at an angle of 60*. 

19. The axes being inclined at an angle cd, find the radius 
of the circle 

aj* + y* + 2ay cos cd — Ao? — ^y = 0. 

20. Shew that the equation to a circle of radius c referred 
to two tangents inclined at an angle to as axes is 

a:^+y+ 2xy cos cd — 2 {x +y) c cot - -|- c* cot* — = 0. 

21. Shew that the equation in the preceding question 
may also be written 

x+y- 2\/(a^) sin- = c cot - . 

22. If the base and vertical angle of a triangle remain 
constant while the sides vary, shew that the locus of the 
middle point of the base is a circle. 

23. ABC is an equilateral triangle; take A as origin, 
and AB as axis of x ; find the rectangular equation to the 
circle which passes through A, B, C. Deduce the polar 
equation to this circle. 

24. Shew that the polar equation to the chord of a circle 
which subtends an angle 2^ at the centre is 

r = c cos /8 sec {0 -• a), 

where a is the angle between the initial line and the line that 
bisects the chord. Deduce the polar equation to a line 
touching the circle at a given point, 

25. Find the polar equation to the circle, the origin being 
on the circumference and the initial line a tangent. Shew 



n 
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that with this origin and initial line, the polar equation to the 
tangent at the point & is 

T sin (2^' - tf) = 2c sin' ff. 

26. Shew that if the origin be on the circumference of a 
circle, and the diameter through that point make an angle a 
with the initial line, the equation to the circle is 

r='2ccos(^-a). 

27. Determine the locus of the equation 

r = ^ cos (^ - a) + J5 cos (tf -^) 4- cos (^ -7) + 



28. AB is a given straight line ; through A two inde- 
finite straight lines are drawn equally inclined to AB^ and 
any circle passing through A and B meets those lines in 
i/, M\ shew that the sum or difference of AL^ AM, is equal 
to a constant quantity. 

29. ABC is an equilateral triangle, and 

PA = PB + PG, 
find the locus of P. 

30. There are n given straight lines making with another 

fixed straight line angles a, )8, 7, ; a pomt P is taken 

such that the sum of the squares of the perpendiculars firom 
it on these n lines is constant ; find the conditions that the 
locus of P may be a circle. 

31. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant ; 
shew that the locus of the point is a circle. 

32. A line moves so that the sum of the perpendiculars 
AP, BQ, from the fixed points A and B is constant ; find 
the locus of the middle point of PQ. 

33. is a fixed point and AB a fixed line ; a line is 
drawn firom meeting AB in P; in OP a point Q is taken 
so that OP.OQ = i?; find the locus of Q. 
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34. A line is drawn from a fixed point 0, meeting a fixed 
circle in P; in OP a point Q is taken so that OP. O0 = Aj*; 
find the locus of Q. 

35. Tangents to a circle at the points P and Q intersect 
in T; if the lines joining these points with the extremity 
of a diameter cut a second diameter perpendicular to the 
former in the points p, q, t, respectively, shew that 

pt = qt 
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CHAPTER VII, 

RADICAL AXIS. POLE AND POLAR. 

Radical Axis, 

108. We have shewn that the equation to a circle is 

(a.-a)«+(y-J)«_c^ = 0. 
We shall write this for abbreviation 

If the point (a;, y) be not on the circumference of the circle, 
8 is not = ; we may in that case give a simple geometrical 
meaning to 8. 



I. Let (a?, y) be without the circle ; draw a tangent from 
(a?, y) to the circle ; join the point of contact with the centre 
of the circle (a, I) ; also join (a;, y) with (a, h). Let G re- 
present the point (a, J), Q the point (a?, y), and jTthe point 
of contact of the tangent. Thus we have a right-angled 
triangle formed, and since (a? — «)'+ {y — Vf = QG^, it follows 
that 8=^ QT^; that is, 8 expresses tne square of the tangent 
from {x, y) to the circle. By Euclid in. 36, the square of the 
tangent is equal to the rectangle of the segments made by the 
circle on any straight line drawn from (a?, y), and thus o will 
also express the value of this rectangle. 

II. Let (a;, y) be within the circle ; then 8 is negative. 
Let G and Q have the same meaning as before, and produce 
GQ to meet the circle in T^and T' ; then 

^8=Cr-- GQ' = (Cr- GQ)[GT+ GQ) 

^TQ.TQ. 



I 
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Hence hj Euclid iii. 35, if any line PQP' be drawn meet- 
ing the circle in P and P', the value of the rectangle 
PQ.FQ is -& 

109. Let 8 denote (a? - a)» + (y - J )" - c\ 

and 8' denote {x - a')* + (y - b'Y - c*" ; 

sothat 8^0 (1), and ;8" = ^'\'^'^- 

are the equations to two circles ; we proceed to interpret the 
equation 

/S-/S'=0 (3). 

8—8' contains only the first powers of x and y ; therefore 
8—8' = is the equation to some straight line. Also if 
values of x and y can be found to satisfy simultaneously (1) 
and (2), these values will satisfy (3). Hence when the 
circles represented by (1) and (2) intersect, (3) is the equa- 
tion to the straight line which joins their points of inter- 
section. 

Also suppose that firom any point in (3), external to both 
circles, we draw tangents to (1) and (2) ; then, by Art. 108, 
these tangents are equal in length. Hence whether (1) and 
(2) intersect or not, the line (3) has the following property ; — 
if from any point of it lines he draton to touch both circles ^ the 
Imgths of these lines are equal. 

110. An equation of the form 

A(a? + f)+Bx+Cy + D^O 

will represent a circle ; for after division by A we obtain the 
ordinary form of the equation to a circle. We shall say that 
the equation to a circle is in its simplest form when the co- 
efficient of a? and y* is unity. 

Def. If 8=0, iS' = 0, be the equations to two circles 
in their simplest forms, the straight line /S— /S' = is called 
the radical axis of the circles. 

The axes of co-ordinates may here be rectangular or oblique. 

Or we may give a geometrical definition thus. A straight 
line can always be found such that if from any point of it 
tangents be drawn to two given circles, these tangents are 
equal ; this line is called the radical axis of the circles. 

7—2 
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111. The three radical axee belonging to three given circles 
meet in a point. 

Let the equations to the three circles be 

^. = (1), -8^ = (2), 5; = (3). 

The equations to the radical axes are 

>8^i-/8j, = 0, belonging to (1) and (2), 

S,-8,^0, (2) and (3), 

S,-8, = 0, (3) and (1). 

These three lines meet in a point ; since it is obvious that 
the values of x and y which simultaneously satisfy two of the 
equations, will also satisfy the third. 

112. A large number of inferences may be drawn jfrom 
the preceding articles by examining the special cases which 
Ml imder the general propositions. (See Pllicker Analytisch-' 
Oeometrieche Entwicklungen, Vol. I. pp. 49 — 69.) We notice 
a few of these respecting the radical axis of two circles. 

113. The radical axis is perpendicular to the line joining 
the centres of the two circles. 

Let the ^nations to the circles be 

(a.-a)«+(y-5)*-c»=0, 
{x-ay+iy^Vy^c^^O; 

then the equation to the radical axis is 

(a.-a)»-(a?-ar + (y-J)»-(y-5')"-c» + c'« = 0; 

that is, 

a;(a'-a)+y(6'-i)+J(a*-a'* + i*-J'»-c" + c*)=0....(l). 

And the equation to the line joining the centres of the 
circles is, (Art. 35), 

y-J=-^(aJ-a) (2); 

^ a —a 

(1) and (2) are at right angles by Art. 42. 
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114. When two cixcleB touch, their radical axis is the 
common tangent at the point of contact. For the radical axis 

{)asses through the common point and is perpendicular to the 
ine joining the centres of the circles. 

115. Suppose the radius of one of the circles to become 
indefinitely small, that is, the circle to become a point ; the 
radical axis then has the following property : — if from any 
point of the radical axis we draw a line to the given point, 
and a tangent to the given circle, the line and the tangent 
wiU be equal in length. 

116. The radical axis of a point and a circle falls xjoithout 
the circle, whether the point be without or within the circle. 
For if the radical axis met the circle, the co-ordinates of the 
points of intersection would satisfy the equation to the point as 
well as the equation to the circle. But the equation to the 
point can be satisfied by no co-ordinates except the co-ordi- 
nates of that point; therefore the radical axis cannot meet the 
circle. If the point be on the circle, the radical axis is the 
tangent to the circle at this point. 

117. Suppose loth circles to become points. Then the 
lines drawn fa)m any point in the radical axis to the two 
fixed points are equal in length. Hence the radical axis be- 
longing to two given points is the line which bisects at right 
angles the distance between the two given points. 

118. Suppose in Art. Ill that each circle becomes a point; 
the theorem proved is then the following: — ^the perpendiculars 
drawn from the middle points of the sides of a triangle meet 
in a point. 

119. It is a well-known geometrical problem — to draw a 
straight line which shall touch two given circles. If the circles 
do not intersect, four common tangents can be drawn ; two of 
them will be equally inclined to the line joining the centres, 
and will intersect on that line between the circles ; the other 
two will also be equally inclined to the line joininff the cen- 
tres, and will intersect on that line beyond the smaller circle. 
These two points of intersection are called centres of similitude* 
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¥ot the equations to the common tangents and for the proper- 
ties of the centres of similitude, we refer to Salmon's Uanic 
Sections, 



Pole and Polar, 

120. Dep. If the equation to a circle be 

a? + y* = c", 

and hy k, be the co-ordinates of any point, then the line 

xh +yk = <? 

is called the polar of the point (A, k) with respect to the 
given circle, and the point (A, k) is called the pole of the line 

xh-^yk = (? 
with respect to the given circle. 

We may also express our definition thus : — ^the polar of a 
given point with respect to a given circle is the straight line 
whose equation involves the co-ordinates of the given point 
in the same manner as the equation to the tangent at any 
point of the circle involves the co-ordinates of the point of 
contact ; and the given point is the^fe of the line. 

Or we majr define the polar of a point by means of the 
properties which it possesses, (Art. 103.) The polar of a 
given point with respect to a given circle is the straight line 
which is the locus of the intersection of tangents drawn at 
the extremities of every chord through the given point ; and 
the given point is called the pole of this straight line. 

If the given point be without the circle, its polar coincides 
with the chord of contact of tangents drawn from that point. 

121. ^ one straight line pass through the pole of anoth^sr 
straight line, ^e second straight line will pass through the pole 
of the first straight line* 



POL£! AKD POLAR, 103 

Let {pif^ yf) be the pole of the first straight line, and 
therefore 

xaf + yjf^i? (1), 

the equation to the^r^^ straight line. 

I^* {^\ jf') l>e tte pole of the second straight line, and 
therefore 

a^' + tfr^<^ (2), 

the equation to the second straight line. 

Since (1) passes through {af% yf) we have 

and since this equation holds, (2) passes through (o^, y.) 

122. The intersection of two straight lines is the pole of the 
line which Joins the poles of those lines. 

Denote the two straight lines by A and J?, and the line 
joining their poles hj G ; since C passes through the pole of 
Ay therefore, by Art. 121, A passes through the pole of G; 
similarly B passes through the pole of G; therefore the inter- 
section of A and B is the pole of G» 



EXAMPLES. 

1. Ift^ = 0, t? = 0, be the equations to two circles, shew 
that by giving a suitable value to the constant \, the equa- 
tion u + \v = will represent any circle passing through the 
points of intersection of the given circles. 

2. A fixed circle is cut by a series of circles, all of which 
pass through two ^ven points ; shew that the lines which 
join the points of intersection of the fixed circle with each 
circle of the series all meet in a point. 
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CHAPTER Vm. 

THE PABABOLA. 

123. There are three curves which we now proceed to 
define; we shall then deduce their equations firom the defini- 
tions, and investigate some of their properties firom their 
equations. 

Dep. a conic section is the locus of a point which moves 
so that its distance firom a fixed point hears a constant ratio to 
its distance firom a fixed straight line. K this ratio be unity, 
the curve is called a parabola, if less than unity, an ellipse^ if 
greater than unity, an hyperbola. 

The fixed point is called the £dcus, and the fixed straight 
line the directrix. 

124. It will be shewn hereafter that if a cone be cut by 
a plane, the curve of intersection will be one of the following ; 
a parabola, an ellipse, an hyperbola, a circle, two straight 
lines, one straight line, or a point. Hence the term conic 
section is applied to the parabola, ellipse, and hyperbola — ^and 
may be extended to include the circle, two straight lines, one 
straight line and point. We shall also prove that eveij 
curve of the second degree must be a come section in this 
larger sense of the term. 

At present we confine ourselves to tracing the consequences 
of the definitions in Art. 123. 

125. To find the eqtuxtion to the Parabola, 

A parabola is the locus of a point which moves so that its 
distance firom a fixed point is equal to its distance firom a 
fixed straight line. 



EQUATION TO THE PARABOLA. 
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Let S be the fixed point, YY^ the fixed straight line. 
Draw 80 perpendicular to YY' ; take as the ongin, 08 
as the direction of the axis of a;, OF as that of the axis of y. 
Suppose 08= 2a. 

Let Pbe an^ point on the locus; join 8P; draw PM 

Jarallel to Ot and PN parallel to OX; let OM^Xj 
m = y. 

By definition 

8P=PN\ 

.\ 8P' = PN^; 

.-. P3P + 8]iP = P2P, 

» 

that is ^+(ic — 2a)* = 33^; 

.*. 3^ = 4a(£c— a) (1). 

This is the equation to the parabola with the assumed 
origin and axes. The curve cuts the axis of a? at a point A 
which bisects 08] for when v = 0, in (Ij, T^e have « = «. 
The equation will be simplified if we put the origin at A ; 
\Qiaf = AMy then a?' = aj — a, and (1) becomes 

^ = 402^. 
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FORM OF THE PARABOLA. 



We may suppress the accent, if we remember that the 
origin is now at A ; thus we have for the equation to the 
parabola 



^ = 4aaj. 



(2). 



126. To trace the parabola Jrom its equation ^ = 4aa?. 
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From this equation we see that for every positive value 
of X there are two values of y, equal in magnitude, but of 
opposite sign. Hence for every point P on one sjde of the 
axis of X, there is a point P^ on the other side, such that 
P'M = PM. Hence the curve is svmmetrical with respect 
to the axis of x. Negative values of x do not give possible 
values of y ; hence no part of the curve lies to the left of the 
origin. As x may have any positive value, the curve extends 
without limit on the right of the origin. 

A is called the vertex of the curve and AX the axis of the 
curve. 

127. We have drawn the curve concave towards the axis 
of X ; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
the vertex and a fixed point of the curve is greater than the 
corresponding ordinate of the straight line joining the vertex 
and the fixed point. 
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Let P be the fixed point ; af^ y', its co-ordinates ; then the 
equation to AP is 

since y^ = ^aoif. 

Let X denote any abscissa less than a/, then since the ordi- 
nate of the curve is »J{^ax)^ and that of the straight line is 

\/{^)*^ ^^ \/ (v) ^ V(4aiB), it is obvious that the ordi- 
nate of the curve is greater than that of the line. 

128. Def. The double ordinate through the focus of a 
conic section is called tlie Latus Bectum. 

Thus in the figure in Art. 126, L8L' is the Latus Bectum. 

Let x^a^ then firom the equation y* = 4aaj, y = ± 2a. 
Hence LS = L'8 = 2a ; and LL' = 4a. 

129. To express the focal distance of any point of the 
parabola in terms of the abscissa of the point. 

The distance of any point on the curve firom the focus is 
equal to the distance of the same point from the directrix. 
Hence (see fig. to Art. 125), 

8P^AM-\-A8, 

= a? •+• a. 



Tangent and normal to a Parabola. 

130. To find the equation to the tange/nt at any point of 
a Parabola. (See Def* Art. 90.) 

Let af^ yf^ be the co-ordinates of the point, 

a/', yf\ the co-ordinates of an adjacent point on the 
curve. 



' 
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The eqxiation to the secant through these points is 

y-y=^(«'-«'') (1); 

since {x^, y') and {af% y^^) are on the parabola 

hence (1) may be written 

Now in the limit y" = y' ; hence the equation to the tan- 
gent at the point (ic', y^ is 

y-y=^(a,_aO (2). 

This equation may be simplified ; multiply by y', thus 

yy' = 2a(a;-a/)+y^, 
= 2aaj — 200^ + 4aaj', 
= 2a(a? + a^) (3). 

131. The equation to the tangent can be conveniently ex- 
pressed in terms of the tangent of the angle which the line 
makes with the axis of the parabola. 

For the equation to the tangent at (a?', y") is 

yy' = 2a(a; + a?'), 

2a loaf 
or y = —7 ^ + —y- 

_ 2a 400^ 
"7^+"27 

=^-^f (»• 
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T . 2a if a 

Let -7 = w; .•. ~ = — ; 

thus (1) may be written, 



a 



y-mx + — (2); 



m 



this is the required equation. Conversely, every line whose 
equation is of this form is a tangent to the parabola. 

132. It may be shewn as in Art. 93, that a tangent to 
the parabola meets it in only one point. Also, if a line meets 
a parabola in only one point, it will in general be a tangent 
at that point. 

For suppose 

^ = 4aa? (1) 

to be the equation to a parabola, and 

y = mx + c (2) 

the equation to a straight line. To determine the abscisssB of 
the points of intersection, we have the equation 

{mx + cY = 4aa?, 

or, wV+(2wic-4a)a; + c*=0 (3); 

this quadratic equation will have two roots, except when 

{mc — 2a)' = mV, 
that is, when 

a 
m 

Hence if the line (2) meets the parabola, it will meet it in 
two points, unless o = -^ , and then the line is a tangent to 
the parabola by Art, 131. 

If, however, the equation (2) be of the form y = c, so that 
the line is parallel to the axis of x, then instead of (3) we have 
the equation <?^4mXj which has but one root; hence a line 
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parallel to the axis of the parabola meets it in only one point, 
out is not a tangent. 

133. The axis of y is a tangent to the curve at the 
vertex. 

For the equation to the tangent at {x\ y') is 

yy' = 2a(aj + ar'); 
and when a?' = and y=0, this becomes 

a: = 0. 

134. To find the equcUion to the normal at any point of 
a parabola. (See Def. Art. 97.) 

Let x', y', be the co-ordinates of the point; the equa- 
tion to the tangent at that point is 

y^y{x + af) (1). 

The equation to a line through {af, yf) perpendicular to 

y-V £(*-a^) (2). 

This is the equation to the normal at (a?', yf). 

135. The equation to the normal may also be expressed 
in terms of the tangent of the angle which the line makes 
with the axis of the curve. 

For the equation to the normal is 

Let -^-^ =m; /. y' = — 2am ; 

thus (1) may be written 

y = ?waj — 2aw — am' (2). 



PBOPEBTIES OP THE PABABOLA. 



Ill 



136. We shall now deduce some properties of the parabola 
from the preceding articles. 

Let a/, y', be the co-ordinates of F; let PThe the tangent 
at P and PG the normal at P. . 

The equation to the tangent at P is 




Let y = 0, then x^ — af; hence AT=^AM. 
Also 8T^AT-\-A8, 

= ^if + A8 

= 8P, (Art. 129.) 

Hence the triangle 8TP is isosceles, and the angle 8TP 
= angle 8PT. 

Thus if PN be parallel to the axis of the curre, PN and 
P8 are equally inclined to the tangent at P. 

137. The equation to the normal at P is 
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At the point G^ where the nonnal cuts the axis, v = ; 
hence from the above equation 

thus MO = 2a s= half the latus rectom. 

138. To find the locus of the intersection of the tangent <U 
any point toith the perpendicular on it from the focus. 

Let xf, y', be the co-ordinates of any point P on the curve ; 
the equation to the tangent at P is 

y = ^(« + a^) (1). 

The equation to a line through the focus perpendicular 
to (1) is 

y = -£(^-«) (2). 

We have now to eliminate of and y^ by means of (1), 
(2), and 

y"=4aa?' (3). 

From (3) we find of in terms of y', and thus (1) may 
be written 

^a t/ , . 

y=y^+^ (^)- 

Thus the problem is reduced to the elimination of y^ fix)m 
(2) and (4) ; firom (2) 

^=-^„ <»)' 

substitute in (4) ; then 

_ {x — a)x «y , 
^^ y x-a' 

•'• ^{x — a) +{X'-ayx + a^=Oy 

or {/+(a;-a)*}a; = (6). 

If the factor y' + (a? — a)' be equated to zero, we have 

y = 0, x = a (7). 
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The point thus determined is the focus ; this however is 
not the locus of the intersection of (1) and (2), for the values 
in (7), although they satisfy (2), do not satisfy (1). We 
conclude therefore that the required locus is given by the 
equation 

a? = (8), 

which we obtain by considering the other factor in (6). 

This result can be easily verified ; for if we put a? = in 
(1) we obtain y = —j- =^; and if we put a? = in (2), we 

also obtain y = ^ ; thus (1) and (2) intersect on the line 

a; = 0. 

Thus, if in the fiff. in Art. 136, Z be the intersection of the 
tangent at P with the axis of y, 8Z is perpendicular to the 
tangent. 

139. The process of the preceding Article is of firequent 
use and of great importance. We have in (1) and (2) the 
equations to two straight lines ; if we obtain the values of x 
and y from these simultaneous equations, we thus determine 
the point of intersection of the lines ; the values of x and y 
will depend upon those of x and y\ thus giving different 
points of intersection corresponding to the different lines re- 
presented by (1) and (2). If from (1), (2), and (3) we elimi- 
nate X and y' we obtain an equation which holds for the 
co-ordinates of every point of intersection of (1) and (2). This 
equation is by our definition of a locus the equation corres- 
ponding to the locus of the intersection of (1) and (2). 

Sometimes the elimination produces, as in the preceding 
article, an equation which does not represent the required 
locus. The student has probably noticed in solving alge- 
braical questions that he often arrives at more results than 
that which he is especially seeking. We can frequently 
interpret these additional results; thus in the preceding 
article, since, whatever x and y may be, the values x = a, 
y = 0, satisfy one of the equations which we use in effecting 
the elimination, we might anticipate that our result would 
involve a corresponding factor. 

8 



114 PERPENDICULAR ON THE TANGENT. 

140. If the line from the focus, instead of being perpen- 
dicular to the tangent, meet it at any constant angle, the 
locus of their intersection will still be a straight line. We 
will indicate the steps of the investigation. Suppose /8 the 
angle between the tangent and the line from the focus ; 
equation (1) remains as in Art. (138) ; instead of (2) we have, 
by Art. 45, 

— + tan /8 

y = ' ^ (x — a) 

1 T tan B 

y 

__2a+ytan^, . 

Instead of (5) in Art. 138, we shall find, 

^ _ 2a (a; — a) + 2ay tan ^ 
y—{x — a) tan )8 

The result of the elimination is 

y [y — {x--a) tan ^} {a? — a +y tan ^} 

— x {y — (a? — a) tan PY — a[x-'a-\-y tan ^Y = 0. 

Now, guided by the result of Art. 138, we may anticipate 
that y^-{- {x — aY will prove a factor of the left hand mem- 
ber of the equation ; and we shall find by reduction that the 
equation may be written 

{/ + {x-aY} {y tan/8 - x tan*/3- a} = 0. 
Hence the required locus is 

y = x tan )8 -f a cot /9. 

141. To find the hngih of the perpendicular from the 
focvjS on the tangent at any point of the parabola. 

The equation to the tangent at the point (a/, y") is 
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The perpendiculax on this from the point (a, 0) by Art. 47 

Call the focal distance of the point of contact r, and the 
perpendicular^; then, by Art. 129, 

r^a + af \ 

,\ J) = \J{ar). 

142. From any external point two tangents can he drawn 
to a parabola. 

Let the equation to the parabola be 

y' = 4aa; (1), 

and let A, A;, be the co-ordinates of an external point. Sup- 
pose a?', jfy the co-ordinates of a point on the parabola such 
that the tangent at this point passes through (A, li). The 
equation to the tangent at (a/, yf) is 

yy = 2a (a; + ic") (2). 

Since this passes through (A, Tc) 

A;y=2a(A + a/) (3). 

Also since (a?', y) is on the parabola 

/' = 4aa^ (4). 

Equations (3) and (4) determine the values of oi^ and yf. 

Substitute from (3) in (4), thus 

Aj/ = 2aA+^, 

or, yf^ - 2%' + 4aA = 0. 

The roots of this quadratic will be found to be both pos- 
sible, since (A, Ti) is an external point and therefore Ti^ greater 
than 4aA. To each value of yf corresponds one value of x 

8—2 
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by (3) ; hence two tangents can be drawn from any external 
point. 

The line which passes through the points where these 
tangents meet the parabola is called the chord of contact. 

143. Tangents are dravm to a parabola from a given ex- 
ternal point ; to find the equation to the chord of contact. 

Let A, hy be the co-ordinates of the external point ; x^, y^, 
the co-ordinates of the point where one of the tangents 
from (A, k) meets the parabola ; a?^, y^ the co-ordinates of the 
point where the other tangent from (A, k) meets the parabola. 

The equation to the tangent at (x^, y^ is 

3^yi = 2a (a; + ajj (1). 

Since this tangent passes through (A, k) we have 

ky^^2a{h + x^ (2). 

Similarly, since the tangent at (a^g, yj passes through 
(A, i) 

Ajyj = 2a (A + ajg) (3). 

Hence it follows that the equation to the chord of con- 
tact is 

ky = 2a{x + h) (4). 

For (4) is obviously the equation to some straight line ; also 
this line passes through (aj^, yj, for (4) is satisfied by the 
values x = x^^ y=yy *s we see from (2); similarly from (3) 
we conclude that this line passes through (aj^, y^. Hence (4) 
is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to a parabola from a given external point. Draw the line 
which is represented by (4), join the points where it meets 
the parabola with the given external pomt, and the lines thus 
obtamed are the required tangents. 

144. Through any fixed point chords are drawn to apara- 
hola, and tangents to the parabola drawn at the extremities of 
each chord; — the locus of the intersection of the tangerUs is a 
straight line. 
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Let A, ky be the co-ordinates of the point through which the 
chords are drawn ; let tangents to the parabola be drawn at 
the extremities of one of these chords, and let (a?j, yj be the 
point in which they meet. The equation to the corresponding 
chord of contact is, by Art. 143, 

But this chord passes through (A, k) ; therefore 

ky^ = 2a{h + x^. 
Hence the point (aj^, yj lies on the line 

ky = ^a{x + h)] 

that is, the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

145. If from any point in a straight line a pair oftangmts 
he drawn to a parabola^ the chords of contact will all pass 
through a fixed point. 

Let Ax + By+C=0 (1) 

be the equation to the straight line ; let {x\ y') be a point in 
this line from which tangents are drawn to the parabola; 
then the equation to the corresponding chord of contact is 

yy' = 2a{x + xr) (2). 

Since (a/, y") is on (1) 

Ax' + By'+ (7=0; 

therefore (2) may be written 

y {Axf^ G) + 2aB{x + a?') = 0, 
or, {Ay + 2aB) OS" + Cy + 2aBx ==0 (3). 

Now whatever be the value of x\ this line passes through 
the point whose co-ordinates are found by the simultaneous 
equations 

Ay + 2aB=0, Cy + 2aBx==0; 
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that is the point for which 

2aB C 

146. The student should observe the different interpreta- 
tions that can be assigned to the equation 

kt/ = 2a{x + h) 

The statements in Art* 103 with respect to the circle may 
all be applied to the parabola. 



Diameters. 

147. To find the length of a line drawn from any point in 
a given direction to meet a parabola. 

Let ic^, y', be the co-ordinates of the point from which the 
line is drawn ; a;, y, the co-ordinates of the point to which the 
line is drawn ; 6 the inclination of the line to the axis of a? ; 
r the length of the line ; then (Art. 27) 

x = af -^-r COB0^ y = y + ^sin^ (1). 

If {xy y) be on the parabola, these values may be substituted 
in the equation y" = ^ax ; thus 

(y' + r sin Oy = 4a (a/ + r cos 6) ; 

.-. r^ sin* ^4- 2r {y" sin ^ - 2a cos ^) +^ - 400^= 0.... (2). 

From this quadratic two values of r can be found, which 
are the lengths of the lines that can be drawn from (a/, y) 
in the given direction to the parabola. 

When the point (a/, y") is within the parabola, the roots of 
the above quadratic will be of differerU signs ; in this case 
the two lines that can be drawn from (a/, y') to meet the 
curve are drawn in different directions. When the point 
(af, y") is without the parabola, the roots are of the same sign, 
and the lines are drawn in the same direction. 
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148* Def. a diameter of a curve is the locus of the 
middle points of a series of parallel chords, 

149. To find the diameter of a given system of parallel 
iJuyrds in a parabola. 

Let 6 be the inclination of the chords to the axis of the 
parabola ; let a^, y', be the co-ordinates of the middle point 
of any one of the chords ; the equation which determines the 
lengths of the lines drawn from (a/, y') to the curve is 
(Art. 147), 

r* sin* ^ + 2r (/ sin (? - 2a cos d) +y*-4aaj'=0.... (1). 

Since (a?', y") is the middle point of the chord, the values of 
r furnished by this quadratic must be equal in magnitude 
and opposite in sign ; hence the coefficient of r must vanish ; 
thus, 

y sin ^ — 2a cos ^ = ; 

.-. y' = 2aoot6 (2); 

thus the required diameter is a straight line parallel to the 
axis of the parabola. 

Hence every diameter is parallel to the axis of the para- 
bola. 

Also every straight line parallel to the axis of the para- 
bola is a diameter, that is, bisects some system of parallel 
chords ; for by giving to ^ a suitable value, the equation (2) 
may be made to represent any line parallel to the axis. 

150. Let a tangent be drawn to the parabola at the point 
where the line y = 2a cot meets the parabola ; the equation 
to the tangent is 

that is, y = tan {x+a/); 

hence, the tangent at the extremity of any diameter of the 
parabola is parallel to the chords which that diameter bi- 
sects. 
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151. To find the equation to the paraholay the axes being 
any diameter and the tangent at the point where it meets 
the curve. 




Let A, k, be the co-ordinates of a point A' on the parabola ; 
take this point for a new origin; draw through it a line 
A'X' parallel to the axis of the curve for the new axis of 
X, and a tangent A' Y' to the curve for the new axis of y. 
Let TA'X'^0; then (Art. 150), 

2a 

-y- = tan a. 
k 

Let X, y, be the co-ordinates of a point P on the curve 
referred to the original axes ; x, y\ the co-ordinates of the 
same point referred to the new axes ; draw PM parallel to 
^ F and PM' parallel to A' Y' ; also draw A'L, JIf iV^parallel 
to A Y; let It denote the intersection of PM and A'X^ ; then 

x = AM=AL + LN+NM=AL + A'M'-\-M'B 

= h + x' -{-y^ cos^, 
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y = PM=^RM^PR^AL^-PR 
=zk-\-j/ sin 5. 
Substitute these values in the equation y* = 4mx ; thus 
{k +/ sin dy^laQi + af + i/ cos &), 
or y" sin'^ + 2^ {h sin ^- 2a cos ^) + A? - 4aA = 4aar'. 

But, i = 2a cot ^, and T^ = 4aA ; thus we have 

y^ sin' = ^aaf, 

A 4a 
or, yr= -^Ta^y 

which is the required equation. 
We may prove that 

Sin Q 
for 8A' = a-\-h (Art. 129) ; and 

A = -— ■ = a cot* Q ; 
4a 

* — a 
sin a 

Hence the equation may be written 

2^ = 4aV 
where a' = /84' ; or suppressing the accents on the variables 

%^ = 4a'a?. 

152. The equation to the tangent to the parabola will be 
of the same form whether the axes be rectangular, or the 
oblique system formed by a diameter and the tangent at its 
extremity ; for the investigation of Art. 130 will apply with- 
out any change to the equation y^ = 4a'a? which represents a * 
parabola referred to such an oblique system. 

153. Tangents at the extremities of any chord of a parabola 
meet in the diameter which bisects that chord. 
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Befer the parabola to the diameter bisecting the' chord, and 
B con 
paraboh 



i .__- _ — ^ — — ^ 

the corresponding tangent, as axes ; let the equation to the 
la be 



^ = 4a'a? ; 

let aj', y\ be the co-ordinates of one extremity of the chord ; 
then the equation to the tangent at this point is 

yy = 2a'(a: + a:') (1)- 

The co-ordinates of the other extremity of the chord are 
a?', — y' ; and the equation to the tangent there is 

-yy'=2a'(aj4-a?') (2). 

The lines represented by (1) and (2) meet at the point for 
which 

this proves the theorem. 

Polar Equation. 

154. To find the polar Equation to the parabola, the focus 
being the pole. 

Let 8P^r, A8P=0; (see Fig. to Art. 125), 
then 8P=PN, by definition; 

that is, 8P^08+8M; 

or r = 2a + r cos (tt — 5) ; 

.-. r (1 + cos 0) = 2a, 

- 2a 
and r = — ^ . 

1 + cos ^ 

K we denote the angle X8P by 0, then we have as before 

8P=^08+8M; 

thus r = 2a + r cos 0, 

- 2a 
and r = ti • 

1 -- cos ^ 
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155. The polar equation to the parabola when the vertex 
is the pole may be conveniently deduced from the equation 
y = 4aa? by putting r cos Q and r sin ^ for x and y respec- 
tively ; we thus obtain 

__ 4a cos 6 

"*" m^e • 

We add a few miscellaneous propositions on the parabola. 

Def. a chord passing through the focus of a conic sec- 
tion is called a focal chord. 

156. If tangents he drawn at the extremities of any focal 
chord of a parabola^ (1) the tangents will intersect in the 
directrix, (2) the tangents will meet at right angles, (3) the 
line drawn from the poinJb of intersection of the ta/ngenis to 
the focus will he perpendicular to the focal chord. 

(1) If the tangents to a parabola meet in the point (A, k) 
the equation to the chord of contact is, by Art. 143, 

iy = 2a(a? + A). 

Suppose the chord passes through the focus; then the 
values x^a, y = 0, must satisfy this equation; 

.-. = 2a(a + A); 

.•. A = — a; 

that is, the point of intersection of the tangents is on the 
directrix. 

(2) The equation to the tangent to a parabola may be 

written, (Art. 131), 

a 
y^mx-\ — . 
^ m 

Suppose (A, h) a point on the tangent ; 

.'. hw? -'hm-\-a = 0. 

This quadratic will determine the inclinations to the axis 
of the parabola of the two lines that may be drawn through 
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the point (A, k) to touch the parabola. Suppose Wj, Wj, the 
tangents of these inclinations, then by the theory of quad- 
ratic equations 

a 

If h^ — a^ m^m^ = — 1 ; 
that is, the two tangents are at right angles. 

(3) The equation to the line through the focus and 
(A, k) is 

If /i = — a, this becomes 

and the line is therefore perpendicular to the focal chord 
of which the equation is 

yk=i2a{x-\-(i)* 

157. If through any point within or without a parabola^ 
two lines he drawn parallel to two given straight lines to meet 
the curve^ the rectangles of the segments will he to one another 
in an invariable ratio. 

Let (x\ y*) be the given point, and suppose a and ^8 
respectively the inclinations of the given straight lines to 
the axis of the parabola. By Art. 147, if a line be drawn 
through {x\ y') to meet the curve and be inclined at an angle 
a to the axis, the lengths of its segments are given by the 
equation 

7^ sin" a + 2r {y' sin a— 2a cos a) +y'" — Aax' = 0. 

Therefore by the theory of quadratic equations the rect- 
angle of the segments 

y'* — 4mx 



sin* a 
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Similarly the rectangle of the segments of the line drawn 
through {x\ y) at an angle fi 

__ y^ — 4:ax 

"^ sin-'/S ' 

Hence the ratio of the rectanerles = . „ , 

° sm" a 

and this ratio is constant whatever x' and y' may be. 

o 




Let be the point through which the lines OPp, OQq, 
are drawn inclined to the axis of the parabola at angles a, p, 
respectively ; then we have proved that 

OP. Op _ sin' /3 
OQ.Oq sin' a* 

Let tangents to the parabola be drawn parallel to Pp, Qq, 
meeting the parabola in E and D respectively ; let /S be the 
focus ; then by Art. 151, 

8E _ &m'fi . 0P'0p _8E 

8D^ sia'a' ''' OQ.Oq~ 8D' 

Suppose to coincide with T; then OP. Op becomes 
TE^ and OQ.Oq becomes 77)'; 

TE^SE 
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EXAMPLES. 



1. Find the equation to the line joining A and L. (See 
Fig. to Art. 126.) 

2. Find the equation to the circle which passes through 
A, i, L. (See Fig. to Art. 126.) 

3. A point moves so that its shortest distance from a 
given circle is equal to its distance from a given fixed dia- 
meter of that circle ; shew that the locus is a parabola. 

4. Trace the curves y^=4aaj, and ic*-f 4ay = 0; and 
determine their points of intersection. 

5. Determine the equation to the tangent at L, (See 
Fig. to Art. 126.) 

6. Find the angle between the lines in questions 1 and 5. 

7. Determine the equation to the normal at L, 

8. Find the point where the normal at L meets the curve 
again, and the length of the intercepted chord. 

9. Find the point in ^ parabola where the tangent is in- 
clined at an angle of 30*^ to the axis of x. 

10. The length of the perpendicular from the foot of 
the directrix on the tangent at {x\ y) is ,. , , — (r • 

11. Find the points of contact of tangents the perpendicu- 
lars on which from the foot of the directrix are equal to one 
fourth of the latus rectum. 
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12. A circle has its centre at the vertex ^ of a para1>ola 
whose focus is 8, and the diameter of the circle is SAS; 
shew that the common chord bisects A 8, 

13. Trace the curve y = x — a?, and determine whether 
the straight line x-\-y = l is ia tangent to it. 

14. The tangent at any point of a parabola will meet the 
directrix and latus rectum produced m two points equally 
distant from the focus. 

15. PMia an ordinate of a point P in a parabola; a line 
is drawn parallel to the axis bisecting FM and cutting the 
curve in Q; MQ cuts the tangent at the vertex A m T] 
shew that AT^^PM. 

16. If from any point P of a circle PC be drawn to the 
centre (7, and a chord PQ be drawn parallel to the diameter 
ACB and bisected in JK, shew that the locus of the inter- 
section of GP and AR is a parabola. 

17. Find the ordinates of the points where the line 
y = mx + c meets the parabola ; hence determine the ordi- 
nate of the middle pomt of the chord which the parabola 
intercepts on this line. 

18. A is the origin, P is a point on the axis of y, BQ a 
line parallel to the axis of a; ; m AQ^ produced if necessary, 
Pis taken such that its ordinate is equal to BQ\ shew that 
the locus of P is a parabola. 

19. From any point Q in the line BQ which is perpen- 
dicular to the axis GAB of a parabola whose vertex is A, 
PQ is drawn parallel to the axis to meet the curve in P; 
shew that if vA be taken equal to AB^ the lines AQ and 
GP will intersect on the parabola. 

20. At the point {x\ y') a normal is drawn ; find the co- 
ordinates of the point where it meets the curve again, and the 
length of the intercepted chord. 
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21. If the normal at any point P meet the curve again in 
Qy and 8F=r, and p be the perpendicular from S on the 

tangent at P. then PQ= -£—, 

22. P is any point on a parabola, A the vertex ; through 
A is drawn a line perpendicular to the tangent at P, and 
through Pis drawn a line parallel to the axis; the lines thus 
drawn meet in a point Q; shew that the locus of Q is a 
straight line. Find also the equation to the locus of Q' 
the intersection of the perpendicular from A and the ordi- 
nate at P. 

23. FQ is a chord of a parabola, PT a tangent at P. 
A line parallel to the axis of the parabola cuts the tangent 
in T, the arc PQ in E, and the chord PQ in F. Shew that 

TE : EF V. PF : FQ. 

24. In a parabola whose equation is ^ = 4aa?, pairs of 
tangents are drawn at points whose abscissae are in the ratio 
of 1 : /A ; shew that the equation to the locus of their in- 
tersection will be 

when the points are on the same side of the axis, and 

y* = - (/^* - m'*)' «^ 

when they are on different sides. 

25. Two straight lines are drawn from the vertex of a 
parabola at right angles to each other; the points where 
these lines meet the curve are joined, thus forming a right- 
angled triangle ; find the least area of this triangle. 

26. Let r and r' be the lengths of two radii vectores 
drawn at right angles to each other from the vertex of a 
parabola; then 

(rrO* = 16a'(r*+r'*). 

27. Find the polar equation to the parabola referred to 
the foot of the directrix as origin and the axis of the curve as 
initial line« 



^^ 
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28. If a line be drawn from the foot of the directrix 
cutting the parabola, the rectangle of the intercepts made by 
the curve is equal to the rectangle of the parts into which 
the parallel focal chord is divided by the focus. 

29. Find the polar equation to the parabola when the 
foot of the directrix is the origin and tlie initial line the 
directrix. 

30. A system of parallel chords is drawn in a parabola ; 
find the locus of the point which divides each chord into 
segments whose product is constant. 

31. In a triangle ABC if tan A tan— = 2, and AB be 

fixed, the locus of G will be a parabola whose vertex is A 
and focus B. 

32. Find the equation to the parabola referred to tangents 
at the extremities of the latus rectum as axes. 

33. Find the equation to the parabola referred to the 
normal and tangent at L as axes. 

34. P is a point on a parabola ; a/, v', are its co-ordinates ; 
find the equation to the circle described on SB as diameter. 

35. Shew that the circle described on 8P as diameter 
touches the tangent at the vertex. 

36. If the line y = m (a? — a) meets the parabola in (a?', y) 
and (af\ rf') shew that 

Aft JL/T 

37. A circle is described on a focal chord of a parabola as 
diameter ; if m be the tangent of the inclination of this chord 
to the axis of x, the equation to the circle is 

a^-2axfl + -^U/-^-3a' = 0. 

9 



130 EXAMPLES ON THE PABABOLA, 

38. Any circle described on a focal chord as diameter 
touches the directrix. 

39. If the focus of the parahola be the origin, shew that 
the equation to the tangent at {afj }f) is 

yxf = 2a (a? + a^ + 2a). 

40. If the focus of a parabola be the origin, shew that the 
equation to the tangent to the parabola is 

y = w (rr + a) H — • 

41. Two parabolas have a common focus and axis, and a 
tangent to one intersects a tangent to the other at right 
an^es ; find the locus of the point of intersection. 

42. If a chord of the parabola ^^^ctx be a tangent of 
the parabola y*= 8a (oj — c), shew that the line a? = c bisects 
that chord. 

43. From any point there cannot be drawn more than 
three normals to a parabola. 

44. In a parabola whose equation is ^= 4aa;, the ordinates 
of three points such that the normals pass through the same 
point are y^, y,, y,; prove that yi+y^ 4-^3 = 0. Shew also 
that a circle described through these three points passes 
through the vertex of the parabola. 

45. If two of the normals which can be drawn to a para- 
bola through a point are at right angles, the locus of that 
point is a parabola. 

46. If two equal parabolas have the same focus and their 
axes perpendicular to each other, they enclose a space whose 
length PQ = twice the latus rectum, and breadth 

_ latus rectum 

47. Find the length of the perpendicular from an external 
point (A, Ic) on the chord of contact. 
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48. From an external point (A, A) two tangents are 
drawn to a parabola ; shew that the length of the chord of 
contact is 

a 

49. From an external point (A, h) two tangents are drawn 
to a parabola; the area of the triangle formed by the tan- 
gents and chord is ^ — ^ . 

50. Tangents to a parabola 3!P, Tp^ are drawn at the 
extremities of a focal chord; POy pg^ are normals at the 

same points. Shew that p^ + --^ is invariable ; and that 

the normals subtend equal angles at T, 

51. Two equal parabolas have the same axis, and the 
vertex of the one is the focus of the other. If through any 
point on the inner curve two chords of the outer curve 
FOp^ QOq, be drawn at right angles to one another, then 

+ x^^ ^ is invariable. 



PO.Op^ QO.Oq 

52. A circle described upon a chord of a parabola as 
diameter lust touches the axis ; shew that if be the inclina- 
tion of the chord to the axis, 4a the latus rectum of the 
parabola, and c the radius of the circle, 

/I 2a 
tan^s — . 
c 

53. If dy ^, be the inclinations to the axis of the parabola 
of the two tangents through (A, k) shew that 

Ai a 

tan + tan ^ = t ; tan tan ^ = t • 

54. If two tangents be drawn to a parabola so that the 
sum of the angles which they make with the axis is constant, 

9—2 
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the locus of their intersection will be a straight line passing 
through the focus. 

65. Shew that the two tangents through (A, h) are repre- 
sented by the equation 

A (y - ^)'-i (y - k){x - A) +a (x- A)*= ; 

or {h^ - 4aA) (y* - 4aa;) = {% - 2a (x + Ti) }^ 

56. Shew that the lines drawn from the vertex to the 
points of contact of the tangents from (A, h) are represented 
by the equation 

Ay* = 2x {ky — 2ax). 



^ V V 
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CHAPTER IX, 



THE ELLIPSE. 



158. To find the equation to the ellipse^ 

The ellipse is the locus of a point which moves so that its 
distance from a fixed point bears a constant ratio to its dis- 
tance from a fixed straight line, the ratio being less than 
unity. 




Let 8 be the fixed point, YY^ the fixed straight line. 
Draw 80 perpendicular to YY'; take as the origin, 08 
as the direction of the axis of a?, OYas that of the axis of y. 

Let Pbe a point on the locus ; join 8P; draw PJIf parallel 
to OF and PZv parallel to OX. Let 08 =p, and let e be the 
ratio of 8P to PN, Let x, y, be the co-ordinates of P. 
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By definition, 

.-. PiP + SM^ = ^PN\ 

that is y' + {x —pY = eV. 

This is the equation to the ellipse with the assumed origin 
and axes. 

159. To find where the ellipse meets the axis of a?, we 
put y = in the e<5[uation to the ellipse ; thus 

[x — ^)' = eV ; 

.•• X — p = + ea? ; 

P 

1 + e 

Let OA' = r-2— and 0^= :;"^; then A and J[' are 

1 -\-e 1 — 6 

points on the ellipse. 

A and -4' are called the vertices of the ellipse, and G, the 
point midway between A and -4', is called the centre of the 
ellipse. 

160. We shall obtain a simpler form of the equation to 
the ellipse by transforming the origin to A' or C. 

I. Suppose the origin at A\ 

Since 0A^= -r^— , we put x = of + -^— and substitute 

1 +e l+e 

this value in the equation 
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The distance A' A = --^ - ^ = , ^ ^ , we shall denote 

this by 2a ; hence the equation becomes 

y«=(l-e«)(2aa^-a:^). 

We may suppress the accent if we remember that the 
origin is at the vertex A\ and thus write the equation 

y» = (l~6')(2aa?-a;') (1). 

II, Suppose the origin at (7, 

Since A'G^a^ we put a; = ic^ + a and substitute this 
value in (1) ; thus 

We may suppress the ax^cent if we remember that the origin 
is now at the centre (7, and thus write the equation 

y* = (l-e»)(a»-a?) (2). 

In (2) suppose x = 0, then ^ = (1 — i) (^ ; if then we 
denote the ordinate GB by h we have i* = (1 — e*) a* ; thus 
(1) may be written 

3^=5(2aa;-ai») (3), 

Co 

and (2) may be written 

3^=|(a'-ar^ (4), 

or, more symmetrically, 

^+^=1, or aY+Va? = a%'' (5). 



■^MM 
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161. Since A'S^ eOA and OA' = ^^ , we have 

l + e 

1+e e ' 

iS'C = ^'0- -4';^= a - a (1 - e) = a6, 

6 e 

^ 6 

162. We may now ascertain the form of the ellipse. Take 
the equation referred to the centre as origin 



y = ^(a»-a:*) 



(1). 




For every value of x less than a there axe two values of y, 
equal in magnitude but of opposite sign. Hence if P be a 



FORM OP THE ELLIPSE* 137 

point In the curve on one side of the axis of x there is a point 
P* on the other side of the axis such that P'M= PM. Hence 
the curve is symmetrical with respect to the axis of a?. Values 
of X greater than a do not give possible values of y ; hence, 
GA being equal to a, the curve does not extend to the right 
of^. 

If we ascribe to x any negative value comprised between 
and — a, we obtain for y the same pair of values as when we 
ascribed to x the corresponding positive value between 
and a. Hence the portion of the curve to the left of YY' is 
similar to the portion to the right of YY\ 

As the equation (1) may be put in the form 

^^iAh'-f) (2), 



we see that the axis of y also divides the curve symmetrically 
and that the curve does not extend beyond the points B and 
B\ where GB and GB' each = J. 

The line E'K' is the directrix; 8 is the corresponding 
focus. 

Since the curve is symmetrical with respect to the line 
YGT, it follows that if we take GH^ G8 and (7jB= GE% 
the point H and the line EK will form respectively a second 
focus and directrix by means of which the curve might have 
been generated. 

163. The point G is called the centre of the ellipse because 
every chord oj the ellipse which passes throuah G is bisected in 
G. For suppose (A, A) to be a point on the curve, so that 
the equation 



a? f 

3 + 75=1 



is satisfied by the values a? = A, y = Tc; then (— A, — i) is also 
a point on the curve, because since a; = A, y = k^ satisfy the 
above equation, it is obvious that a; = — A, y^^ — k, will also 
satisfy it. Hence to every point P on the curve there corre- 
sponds another point P^ in the opposite quadrant, such that 
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POP, is a straight line and P^G=PC. Hence every chord 
passing through C is bisected in C. 

164. We have drawn the curve concave towards the axis 
of X ; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
a vertex and a fixed point of the curve is greater than the 
corresponding ordinate of the straight line joining that vertex 
and the fixed point. 

Let A' be the vertex and take it for the origin ; let P be 

the fixed point ; af, yf^ its co-ordinates. Then the equation 

J* 
to the ellipse is (Art. 160) y'= -5 (2aa; — aj^). 

The equation to A'P is y =^ x, ^^^ y = ^ a/(^ "~ } ^' 

since (a?', ij) is on the ellipse. 

Let X denote any abscissa less than a:', then since the 
ordinate of the curve is -hji^ax — o^) or -a/( Ija?, 

and that of the straight line is - a / (— — 1 j a?, it is obvious 

that the ordinate of the curve is greater than that of the 
line. 

165. AA and BB' are called axes of the ellipse. Th^ 
axis AA' which contains the two foci is called the major axis 
and sometimes the transverse axis ; BB' is called the minor 
axis and sometimes the conjugate axis. 

The ratio which the distance of any point in the ellipse 
fi*om the focus bears to the distance of the same point firom 
the corresponding directrix is called the excentricity of the 
ellipse. We have, denoted it by the symbol e. 

To find the lotus rectum (see Art. 128) we put x = CH, 
that is, = ae, in equation (1) of Art. (162) ; thus 

&V(l-e') _y. 



FOCAL DISTANCES OP ANY POINT. 

/. LH^ — , and the latus rectum = — 
a a 

Since V^a^-^c?^) /. 5" + aV = a'; that is 
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similarly, 



B8^a. 



166, To encpress the focal distances of any point of the 
ellipse in terms of the abscissa of the point. 



K' 
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Let 8 be one focus, E'K^ the corresponding directrix ; H 
the other focus, EK the corresponding directrix. Let P be a 
point on the ellipse; a?, y, its co-ordmates, the centre being 
the origin. Join /SP, JaP^ and draw N'PN parallel to the 
major axis, and Pif perpendicular to it. 

Then 8P=ePN'^e{E'G+GM) = e(^-\'x)^a + ex. 
Also, aP=ePZV=e(CB- CM)=e(^-x'j^ a^ex. 




140 EXCENTRIC ANGLE* 

Hence 8P+RP=2a ; that is, the sum of the focal distances 
of any point on the ellipse is equal to the major axis. 

167. The equation y* = -j (a* — a^), may be written 

Hence, (see Fig. to Art. 162) 

PM' __ BC^ 



168. Let a circle be described on the major axis of the 
ellipse as a diameter ; its equation referred to the centre as 
origin will be 

y = a* — a?. 

Hence if any ordinate MP of the ellipse be produced to meet 
the circle in F we have 

PM* = -^RiP; 
a 

PM h 

Join P' with (7 the centre of the ellipse; let P'CM=^<l>y 
and let a?, y, be the co-ordinates of P; then 

X =5 CF cos <l>=a cos ^, 

V = - P'M=^ - a sin 6 = J sin 6. 
^ a a ^ ^ 

These values of x and y are sometimes useful in the solu- 
tion of problems. 
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The angle P'GM is called the excentric angle of the 
point P. 



169. From Art. 160 we see that the equation to the 
ellipse when the vertex is the origin is 

y* = 2pex — (1 — 6*) a?. 
If we suppose 6 = 1, this becomes 

which is the equation to a parabola whose latus rectum is 2/). 
Also in the ellipse 

AH ot a(l-e) = r?-- 
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If we now make e = l, we have a and b infinite, and 

a{\—e) =^ . Thus if we suppose the distance between the 

vertex and nearer focus of an ellipse to remain constant 
while the excentricity approaches continually nearer to unity, 
the major and minor axes of the elUpse increase indefinitely 
and the ellipse about the vertex approximates to the form 
of a parabola. 

Thus if any properly is established for an elUpse we may 
seek for a corresponding property in the parabola by referring 
the ellipse to the vertex as origin and examining what the 
result becomes when e is made to approach continually to 
imity, while the distance between the vertex and the nearer 
focus remains constant. 



Tangent and Normal to an Ellipse, 

170. To find the eqvMion to the tangent at any point of 
an ellipse. (See Def. Art. 90.) 

Let of, y', be the co-ordinates of the point, 

af% yf\ the co-ordinates of an adjacent point on 
the curve. 

The equation to the secant through these points is 

y-y'=-^^(a:-a^) (1); 

since (a;', y) and (a;", y) aie points on the ellipse, 

.-. a* {y"*-y^ + J*(ar"»-a^) = ; 

y" - rf _b* af'+af 
'*' x'-a;'"" a*'y"+y'' 
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Hence (1) may be written 

y — y = I'—r, y [x — x). 

Now in the limit a^^=^oc^, andy''=y; hence the equation 
to the tangent at the point (a/, ^) is 

2^-y=-^(^-^) (2). 

This equation may be simplified ; multiply by a*^, thus 
a*yy'+ Vx7f = ay + JV = a*i'. 

171. The equation to the tangent can be conveniently 
expressed in terms of the tangent of the angle which the 
line makes with the major axis of the ellipse. 

For the equation to the tangent at (a^, yf) is 

or y = — r-y ^ + -; • 

ay y' 

Let — 7-7= w; thus the equation becomes 

y = m^ + -', 

we have then to express — in terms of m. 

Now 6V = — a^y'm^ 

and aY + ^^^ = a'i' ; 

,. ay+?^=a«&»; 
.-. y^{aW + V)^b\ 
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Hence the equation to the tangent may be written 

Conversely every line whose equation is of this form is 
a tangent to the ellipse. 

It may be shewn as in Arts. 93, 94, that the tangent at 
any point of the ellipse meets it in only one point, and that 
a line which meets an ellipse in only one point is a tangent 
at that point. 

172. The tangents at the extremities of either axis are 
parallel to the other axis. 

For the co-ordinates of A are a, 0, (See Tig. to Art. 162.) 
Hence, putting af^ a, y'= 0, the equation 

becomes a? = a, 

which is the equation to a line through A parallel to CY. 
Similarly the tangent at A' is parallel to (7F, and the tan- 
gents at B and B' are parallel to CX. 

173. To Jlnd the equation to the normal at any point of 
an elltjpse. (See Def. Art. 97.) 

Let af, y', be the co-ordinates of the point ; the equation 
to the tangent at that point is 

y = --ir:>a; + - (1). 

^ ay y ^ ' 

The equation to a line through {a/, y')- perpendicular to 

(1) is 

y-3^=^(^-^) (2). 

This is the equation to the normal at (a?', y). 
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174. The equation to the nonnal may also be expressed 
in terms of the tangent of the angle which the line makes with 
the major axis of the ellipse. 



The equation to the normal at {pcfy \f) is 






Let ■^— = m ; thus the equation becomes 

2 12 

y^mac ^y' (1); 

2 Z2 

we have then to express — ^-— yf in terms of m. 



Now, JV = 



m 



and ofy^ + Vx^ = €?V ; 

Hence (1) becomea 

{€?-V)m 

# 

175. We shall now deduce some properties of the ellipse 
from the preceding articles. 

Let of, y , be the co-ordinates of P ; let PT be the tangent 
at P, and PQ the normal at P; PM^ PN, perpendiculars on 
the axes. 

The equation to the tangent at P is 

c^yy' + i'asB' = oW. 



Let y =s 0, then sc = -; > hence 






CM' 



10 
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/. CM.GT=GA\ 

Similarly, if the tangent at P meet CY in T', 

CN. Cr = CB\ 

176. The equation to the normal at Pis 

At the point O where the normal cuts the major axis, 
y = 0, hence from the above equation 



a 



% y 



\ a/ 
Thus CG = e*CM. 

At the point G' where the normal cuts the minor axis. 
a; = 0, hence from the above equation 



Thus 



CG'^'^PM. 
o 
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177. The lengths of PG and PQ' may te conveniently 
expressed in terms of the focal distances of P. 

PG* = PJiP+GM* 



Let /SP=r', HP^r; then 

Similarly, it may be shewn, that 

cfrr" 



PG'^^ 



V • 



178. The normal at any point bisects the angle hetween the 
focal distances of that point. 

Let a?', y', he the co-ordinates of P; the co-ordinates of 8 
are — a€, ; hence the equation to ifiPis, (Art. 35), 



y-^^*+«*) (^)- 



The equation to the normal at P is 



10—2 
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Hence the tangent of the angle OPS 

ay }f 

. qy ^ " aY+ h'af'+ b^afae 

^ b^af{a^+ae) 

" a^V + Vafae ~T"* 
The equation to HP is 

hence it may be shewn that the tangent of the angle GPH 

, eay' 

also = —— ; 

/. SPO^HPG. 

Hence 8PT' = HPT] that is, the tangent at any point is 
equally inclined to the focal distances of that point. 

179. The preceding proposition may also be established 
thus: 

CG = ^3if, (Art. 176) ; 

and HO = ae — eV. 

Also 8P=a + e3f, HP^a—exf; hence 

80 _8P 
HO'' HP' 

therefore by Euclid vi. 3, PO bisects the angle 8PH. 

180. To jmA the locus of the intersection of the tangent at 
any point toith the perpendicular on it from the focus.. 

Let y = 7naj + V(i* + wV) (1) 

be the equation to a tangent to the ellipse, (Art. 171) ; then 
the equation to the perpendicular on it from the focus H is, 
(see Fig. to Art. 175), 

y = -^ («-a«) (2). 



J 
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If we suppose x and y to have respectively the same values 
in (1) and (2), and eliminate m between tne two equations, 
i»ve shall obtain the required locus. 

From (1) y — mx — V(*' + ^V) ; 

from (2) wy + a? = a€ ; 

square and add, then 

/. y* + a^ = a" 

is the equation to the required locus, which is therefore a 
circle described on the major axis of the ellipse as dia- 
meter. 

We have supposed the perpendicular drawn from H\ we 
shall arrive at the same result if it be drawn from 8 ; hence 
if HZ^ 8Z', be these perpendiculars, GZ a,ni CZ' each =a. 

181. To find the length of the perpendicular from the 
focus on the tangent at any point. 

The equation to the tangent at the point (a/, y") is 

The co-ordinates of the focus ^are ae, 0. But itp denote 
the length of the perpendicular from a point {x^, y^ on the 
line y = mx + c, by Art. 46, 

^2 _ (yi- ^a;, - cf 

In the present case 

ajj = a6, yj = 0, 



2 
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f l*afae y\* 
_ a'b* (o - eaf)* _ <^b*{ a-ese')* 






5V 

Since r' = 2a — r we have »* = — . 

^ 2a-r 

Similarly if »' be the perpendicular from 8 on the tangent 
at (ar', »') we snail find 

i^= — ; 

t 

182. ^rom an^ external point two tangents can be drawn 
to an ellipse. 

Let the equation to the ellipse be 

ay + JV = a«y (1), 

and let A, Ic^ be the co-ordinates of an external point. Sup- 
pose cc', y', the co-ordinates of a point on the ellipse, such 
that the taneent at this point passes through (A, A;). The 
equation to the tangent at (a/, yf) is 

a'yy' + J'aaj' = a* J* (2). 

Since this tangent passes through (A, A;) 

cfhy'-^-Vhoif^a^V (3). 

Also since (a/, y') is on the ellipse 

ay + 6'a^ = a*J' (4). 

Equations (3) and (4) determine the values of a^ and y\ 
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Substitute from (3) in (4), thus 

or, a^ia'i^ + b'h') - 2a'b'hai' + a' {h" - ifc') = 0* 

The roots of this quadratic will be found to be both pos- 
sible since (A, Jc) is an external point and therefore a^l^ + J*A* 
greater, than a^b\ 

The line which passes through the points where these 
tangents meet the ellipse is called the chord of contact 

183. Tangents are dravm to an elUmefrom a given external 
point; to find the equation to the chord of contact. 

Let A, h, be the co-ordinates of the external point; a?i, y,, 
the co-ordinates of the point where one of the tangents from 
(A, k) meets the ellipse; x^^y^^ the co-ordinates of the point 
where the other tangent from (A, Aj) meets the ellipse. 

The equation to the tangent at (as^, yj is 

€?yy^-\-}?xx^^ c^V (1) ; 

since this tangent passes through (A, h) we have 

a^hy^-^Vhx^^a^^ (2). 

Similarly, since the tangent at [x^ yj passes through 

(A, h) 

a^ky^-VVhx^^a^V (3). 

Hence it follows that the equation to the cAtwc? of contact is 

c?1cy + Vhx^a%^ (4). 

For (4) is obviously the equation to soTrve straight line; also 
this line passes through (aj^, y^,) for (4) is satisfied by the 
values aj = ajj, y^y^-, as we see from (2); similarly from (3) 
we conclude that this line passes through (a?,, y,). Hence (4) 
is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to an ellipse from a given external point — draw the line 
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which is represented bj (4) ; join the points where it meets 
the ellipse with the given external point, and the lines thus 
obtained are the required tangents. 

184. Through any fixed point chords are dravm to an ellipse^ 
and tangeTVta to the ellipse are drawn aJt the extremities of each 
chord ; the locus of the intersection of the tangents is a straight 
line. 

Let A, i, be the co-ordinates of the point through which 
the chords are drawn ; let tangents to the ellipse be drawn at 
the extremities of one of these chords and let (a;^, yj be the 
point in which they meet. The equation to the corresponding^ 
chord of contact is, by Art. 183, 

But this chord passes through (A, h) ; therefore 

a^ky^-^Vhx^ = c?b\ 

Hence the point (ajj, y^ lies on the line 

that is the locus of the intersection of the tangents is a 
straight line. 

We will now prove the converse of this proposition. 

185. If from any poird in a straight line a pair oftange/nis 
he dravm to an ellipse the chords ofconta^ will all pass through 
afi/xedpoinU 

Let Ax^By-^-G^^ (1) 

be the equation to the straight line ; let (a?', y') be a point in 
this line from which tangents are drawn to the ellipse ; then 
the equation to the corresponding chord of contact is 

a^yy'-vVxQif^a^^ (2). 

Since (pcf, yO is on (1) 

-4a?' + ^+C=0; 
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therefore (2) may be written 

Vxxf ^ — c?y = cfV, 

(5.0.-^)0^- ^-a'J' = (3). 

Now, whatever be the value of of, this line passes through 
the point whose co-ordinates are found by the simultaneous 
equations 

that is, the point for which 

186. The student should observe the different interpre- 
tations that can be assigned to the equation 

cfky + Vhx = a^i". 

The statements in Art. 103 with respect to the circle may 
all be applied to the ellipse. 



EXAMPLES. 

1. What is the excentricity of the ellipse 2ic* + 3^ = c* ? 

2. Find the equation to the tangent at the end of the 
latus rectum L. (8ee Fig. to Art. 162). Also find the lengths 
of the intercepts of this tangent on the axes. 

3. Write down the equation to the normal at X. 

4. If the normal at L passes through the extremity of the 
minor axis B' what is the excentricity of the ellipse? 

6. Find the equations to A'B and GL. (See Fig. to Art. 
162). What is the excentricity of the ellipse if these lines are 
parallel ? 
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6. Find the equation to BH and detennine the abscissa 
of the point where this Use cuts the ellipse again. 

7. Find the equation to AL^ and determine the angle 
between this line and the tangent at Z. 

8. If from the point P whose abscissa is a?', a line be 
drawn through JT, determine the abscissa of the point where 
it meets the ellipse again. 

9. Find a point in the ellipse such that the tangent 
there is equally mclined to the axes. 

10. Find a point in the ellipse such that the intercepts 
made by the tangent on the co-ordinate axes are proportional 
to the corresponding axes of the ellipse. 

11. P is a point on an ellipse, y its ordinate ; shew that 

2J» 



tanu4PJ.' = - 



a^y 



12. Pis a point on an ellipse, y its ordinate; shew that 
the tangent of the angle between the focal distance and the 

tans'ent at P is — . 
^ dey 

13. If ^ denote the angle mentioned in the preceding 
question 

pa=v(a'-J"cot*<^). 

14. From P a point in an ellipse lines are drawn to A^ A\ 
the extremities of the major axis, and from A, A\ lines are 
drawn perpendicular to AP^ A'P; shew that the locus of 
their intersection will be another ellipse, and find its axes. 

15. If any ordinate MP be produced to meet the tangent 
at i in §, prove that QM=PK (See Fig. to Art. 162). 

16. If a series of ellipses be described having the same 
major axes the tangents at the ends of their latera recta will 
pass through one or other of two fixed points. 
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17. If the focus of an ellipse be the common focus of two 
parabolas whose vertices are at the ends of the axis major, 
these parabolas will intersect at right angles, at points whose 
distance from each other is equal to twice the minor axis. 

18. Shew that the length of the longer normal drawn 
from a point in the minor axis of an ellipse at a distasfie c 
from the oentre and intercepted between that point and the 
curve is 



{^^?f' 



19. If any parallel straight lines be drawn from the focus 
^and the extremity A of the axis major of an ellipse, and if 
M and N be the points where they meet the axis minor, or 
the axis minor produced, then the circle whose centre is M 
and radius NA will totich the ellipse. 

20. A and A^ are the extremities of the major axis of an 
ellipse, Ti& the point where the tangent at the point P of the 
curve meets A A' produced ; through T a line is drawn per- 
pendicular to AA"^ and meeting AP and A^P produced in Q 
and jB respectively ; shew that QB = BT. 

21. If <f>, ^% be the excentric angles of two points, the 
equation to the chord joining the points is 

- cos ^ ^^ + f- sm ^ ^^ = cos ^ ^^ . 
a 2 b 2 2 

22. Express the equation to the tangent at any point in 
terms of the excentric angle of that point. 

23. Shew that the equation to the normal at the point 
whose excentric angle is ^ is 

ax sec ^ — hy cosec <^ = a* — J*. 

24. The locus of the middle point of PO (see Art. 176) is 
an ellipse of which the excentncity e' is connected with that 
of the given ellipse by the equation 

l-e*=(l+ey(l-e''). 
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25. In the figure of Art. 175 suppose OP produced to a 
point Q such that GQ = n.OP, and find the locus of Q. 



A tangent at any point P of an ellipse meets the 
rix ^^ in r and E'K' in T\ shew that TE varies as 



26. 

directrix 

the cotangent of PH8 and TE' varies as the cotangent of 

P8K (See Fig. to Art. 162). 



27. If the straight line y = mx-{'C intersect the ellipse 
a*y* -f J V = aV, shew that the length of the chord will be 

2ah V{(1 + m') (mV + b^-(?)} 
mW + V 

Hence find the relation between the constants that this line 
may be a tangent to the ellipse. 

28. Find the equation to the circle described on HP as 
diameter, supposing a/, y', the co-ordinates of P. 

29. Shew that any circle described on HP as diameter, 
touches the circle described on the major axis as diameter. 

■ 

30. From a point (A, Ic) two tangents are drawn to an 
ellipse ; find the sum of the perpendiculars firom the foci on 
the chord of contact. 

31. If CM^ MP^ are the abscissa and ordinate of any point 
P in a circle, and MQ is taken equal to MP and inclined to it 
at a constant angle, the locus of the point Q is an ellipse. 

32. Two ellipses have a common centre and their axes 
coincide in direction ; also the sum of the squares of the axes 
is the same in the two ellipses ; find the equation to a common 
tangent. 

33. If 5, 6\ be the inclinations to the major axis of the 
ellipse of the two tangents that can be drawn from the point 
(A, k) shew that 

tan 5 + tan ^' = — = — 7= , tan tan ff = J" ,^ . 

a — A a — A 
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34. Find the locus of a point such that the two tangents 
from it to an ellipse are at right angles. 

35. Shew that the two tangents which can be drawn to 
an ellipse through the point (A, k) are represented by 

or by 

36. Tangents are drawn to an ellipse from the point (A, k) ; 
shew that the lines drawn from the origin to the points of 
contact are represented by 



^ ,yr __ (^ . kyv 



37. Pairs of radii vectores are drawn at right angles to 
each other from the centre of an ellipse ; shew that the tan- 
gents at their extremities intersect in the ellipse 






38. From an external point T whose co-ordinates are h 
and k a line is drawn to the centre G meeting the ellipse in 
jB, shew that 

OR'' ~ a^V • 

39. From an external point (A, k) tangents are drawn ; if 
rz;^, cr,, be the absciss® of the points of contact, shew that 

40. From an external point fA, k) tangents are drawn 
meeting the ellipse in Pand Q\ nnd the value o£HF.HQ, 
JTbeingafocus. 

41. From an external point T the lines 2!P, TQ^ are 
drawn to touch the ellipse m P and Q. OT cuts the ellipse 
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in By and BN is drawn parallel to HT to meet the axis major 
in N; shew that HRHQ = B2P. 

42. Two ellipses of equal excentricity and whose major 
axes are parallel can only have two points in common. Prove 
this, and shew that if tnree such ellipses intersect, two and 
two in the points P and P, Q and Q\ M and B\ respectivelj, 
the lines PP, QQ'y BB\ meet in a point. 

43. Two concentric ellipses which have their axes in the 
same direction intersect, and four common tangents are drawn 
so as to form a rhombus, and the points of intersection of the 
ellipses are joined so as to form a rectangle ; prove that the 

Eroduct of the areas of the rhombus and rectangle is equal to 
alf the continued product of the four axes. 

44. If the ordinate at any j)oint P of an ellipse be pro- 
duced to meet the circle described on the major axis as 
diameter in Q, prove that the peipendicular from the focus 8 
on the tangent at Q is equal to bP* 

46. Find the equation to the ellipse referred to axes 
passing through the extremities of the minor axis, and meet- 
ing in one extremity of the major axis. 

a* V 

46. K from points of the curve -^ + -^ = (a*— J*)*, tangents 

be drawn to the ellipse -5 + ^ = 1, the chords of contact will 
be normal to the ellipse. 

47. Prove the proposition in Art. 180 in a manner similar 
to that used in Art. 138. Also prove the proposition in Art. 
138 in a manner similar to that used in Art. 180. 

48. Find the equation to the ellipse the origin being the 
point (A, Tc) on the ellipse and the axes parallel to the axes of 
the ellipse. 

49. From a point P on an ellipse two chords PQ^ PQ^ are 
drawn meeting the ellipse in ^, ^'; if A, Aj, be the co-ordi- 
nates of P referred to the centre, and mx •\-ny^ 1 the equation 
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to QQ' referred to P as origin, shew that the lines PQ, PQ', 
are represented by 

a^ + P + (^+-fj(^ + ^y^ = ^ 
with P as origin. 

50. Let P be any point in an ellipse ; draw PP parallel 
to the major axis and cutting the curve in P' ; through P draw 
two chords PQ, PQ', making equal angles with the major 
axis ; join QQ'; QQ" shall be parallel to the tangent at P. 

51. From the equation y = ?wa; + V(w'^' + i") deduce the 
equation to the tangent to the parabola. 

52. Determine the point of intersection of the tangent at 
L with the line SB; what is the value of the excentricity of 
the ellipse when these lines are parallel? 

53. If PN be any ordinate of a circle, and from the ex- 
tremity A of the corresponding diameter AB, AQ he drawn 
meeting PN in Q, so that AQ^ PN, find the locus of Q and 
the position of its focus. 

54. Express the tangent of the angle between CP and the 
normal at P in terms of the co-ordinates of P. 

55. Find the greatest value of the tangent of the angle 
between CP and the normal at P. 

56. The major axis of an ellipse is equal to twice the 
minor axis ; a une of length equal to half the major axis is 
placed with one end on the curve and the other on the minor 
axis ; shew that the middle point of the line is on the major 
axis. 

57. A circle is inscribed in the triangle formed by two 
focal distances and the major axis of an eUipse ; find the locus 
of the centre. 

58. If 8Y, HZ, be perpendiculars on the tangent at the 
point P of an ellipse, 8Z and HY will intersect on the normal 
at P. 
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CHAPTER X. 



THE ELLIPSE CONTINUED. 



Diametera. 

187. To find the length of a line drawn from any point in 
a given direction to meet an ellipse. 

Let a/, y', be the co-ordinates of the point from which the 
line is drawn ; x, y, the co-ordinates of the point to which 
the line is drawn ; the inclination of the line to the axis of 
X ; r the length of the line ; then (Art. 27) 

x^xf '\'r cos 5, y^zy'^r sin (1). 

If {x, y) be on the ellipse these values may be substituted 
in the equation 

aY + Vaf^a^V) thus 

a'(y + r sin ^)'+y(a?'+r cos ^* = a'J^ 
.-. r^ (a» sin*tf + y cos' d) +2r (ay sind + JVcos 0) 

+ ay+J'a?^-a»J» = (2). 

From this quadratic two values of r can be found which are 
the lengths of the two lines that can be drawn from {x\ y') 
in the given direction to the ellipse. 

188. To find the diameter of a given system of parallel 
chords in an ellipse. (See definition in Art. 148). 

Let be the inclination of the chords to the major axis of 
the ellipse ; let a?', y\ be the co-ordinates of the middle point 
of anj one of the chords ; the equation which determines the 
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lengths of the lines drawn from {x\ y) to the curve is 
(Art. 187) 

7^ {a^m^e + Vco^^e) +2r (ay sin^ + JV cos 5) 

+ ay + ya?^-a'J» = (1). 

Since {x\ y') is the middle point of the chord, the values of r 
famished by this quadratic must be equal in magnitude and 
opposite in sign ; hence the coefficient of r must vanish ; thus 

ay sin tf 4- iV cos ^ = 0, or / = jcottf.a?' (2), 

a 

Considering x and y' as variable, this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the ellipse. 

Hence every diameter passes through the centre. 

Also every straight line passing through the centre is a 
diameter, that is, bisects some system of parallel chords, for 
by giving to ^ a suitable value the equation (2) may be made 
to represent any line passing through the centre. 

If ff be the inclination to the axis of x of the diameter 
which bisects all the chords inclined at an angle we have 
from (2) 

tan ^'=—-3 cot^; 

.-. tan^tan^'= — 5 (3). 

a ^ ' 

189., If one diameter bisect all chords parallel to a second 
diameter, the second diameter will bisect all chords parallel to 
the first 

Let 6^ and 5, be the respective inclinations of the two 
diameters to the major axis of the ellipse. Since the first 
bisects all the chords parallel to the second, we have 



b^ 
tan 0^ tan 0. — — 5 



11 
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And this is also the only condition that must hold in order 
that the second may bisect the chords parallel to the first. 

190. The tangent at either extremity of any diaineter is 
parallel to the chords which that diameter Insects, 

Let A, h, be the co-ordinates of either extremity of a 
diameter ; the inclination to the major axis of the ellipse 
of the chords which the diameter bisects. Then the values 
x=h, y = k, must satisfy the equation 

a'y sin ^ + J'a? cos ^ = ; 

.*. tan ^ = — SI 
a ' 



But, by Art. 170, the equation to the tangent at (A, k) is 

Hence the tangent is parallel to the bisected chords. 

191. Def. Two diameters are' called cmftigate when 
each bisects the chords parallel to the other. 

From Art. 190 it follows that each of the conjugate diame- 
ters is parallel to the tangent at either extremity qf the other. 

192. Given the co-ordinaies of one extremity of a diameter 
tofnd those of either extremity of the conjugate diameter. 

Let AC A', BCB\he the axes of an ellipse; POP', BCD', 
a pair of conjugate diameters. 

Let af^ y", be the given co-ordinates of P; then the equation 
to CPis 

y=J^ W. 

Since the conjugate diameter DB^ is parallel to the tangent at 
P the equation to BB' is 

y = --r7« (2. 

" dry ^ ' 
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We must combine (2) with the equation to the ellipse to 
find the co-ordinates of D and ly. Substitute from (2) in 

J* a/® 
then a' -4 -;« a^+ iV = c?}^ ; 

/. from (2) y = + — . 

In the figure the abscissa of I) is negative and that of D' 
positive; hence the upper sign applies to D and the lower 
toi?'. 

The properties of the ellipse connected with conjugate 
diameters are numerous and important ; we shall now give a 
few of them. 

11—2 
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193. The sum of the squares of two conjugate semi-diameters 
is constant. 

Let Xj y\ be the co-ordinates of P; then by the preceding 
article 

- ^ ■*■ ? 
= a« + J». 

Thus the sum of the squares of two conjugate semi-diame- 
ters is equal to the sum of the squares of the semi-axes. 

194. The area of the parallelogram which tottches the ellipse 
at the ends of conjugate diameters is constant. 

Let PCF^ DCD\ be the conjugate diameters (see Fig. to 
Art. 192). The area of the parallelogram described so as to 
touch the ellipse at P, D, P, D', is 4:CP. CD sin PCD, or 
Ap.CDy where » denotes the perpendicular from G on the 
tangent at P. Let x, y\ be the co-ordinates of P; then the 
equation to the tangent at P is 

Hence, (Art. 46), 



P^ 






7(^ 



^{aY+h'^y 



.'. 4p.aZ> = 4aS. 

Thus the area of any parallelogram which touches the 
ellipse at the ends of conjugate diameters is equal to the area 
of the rectangle which touches the ellipse at the ends of the 
axes. 
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195. Let a', J', denote the lengths of two conjugate semi- 
diameters; a the angle between them; by the preceding 
article 

a!V sin a = oi ; 

.•. sm a = 



a^i^ (o^ + by^ (a^- by (a* + by - (a^- by • 

Hence sin'* a has its least value when a" = b% and then 

2ab 



sma = 



d' + b'' 



196. From Art. 194 we have 

212 212 

This gives a relation between ^ the perpendicular from the 
centre on the tangent at any point P and the distance CP of 
that point from the centre. 

We may also express » in terms of the angle its direction 
makes with the axis major ; for let ^ denote the angle, then 
the equation to the tangent at {x', yf) may be written 

and also in the form (Art. 20), 

X cos ^ +y sin <^ =p. 

-E—JL P ^^'. 

sin ^ y ' cos ^ xf^ 
, at? sin 6 

j^^^&_COS^ 

212 

and .*. cfV = — g- (J* sin'' <^ + a* cos' ^) ; 

•'. j^ = J* sin* ^ + a' cos* <^ 
= a*(l-e*sin*^). 



Hence 
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197. Let <f> and ^^ be the excentric angles corresponding 
to Pand D respectively (Art. 168). Then 

ac^ = a cos^ (1), / = * sin^ (2), 

-^ = aco8^' (3), ~^=5 8in^' (4). 

From (2) and (3) cos ^' = — sin ^, 
from (1) and (4) sin <^^ = cos <^ ; 

198. To find the equation to the elMpse referred to a pair of 
conjugate diameters as axes. 

Let CP, CD, be two conjugate semi-diameters (see fig. to 
Art. 192), take CP as the new axis of x, CD as that of y] 
let PC A = a, DC A = ^. Let a?,^, be the co-ordinates of any 
point of the ellipse referred to the original axes ; x\ y\ the 
co-ordinates of the same point referred to the new axes ; then 
(Art. 84) 

x^af cos a + y' cos /3, 

y = ic' sin a + y' sin /8. 
Substitute these values in the equation 

then a* (a/ sin a + / sin ^Y + V {ocf co&a + y^ cos )8)' = a*b\ 
or a^(a*sin'a + J' cos' a) +y^(a' sin')8 + i' cos'^) 

+ 2afy' {c? sin a sin )8 + y cos a cos ^) = a*i*. 

But, since CP and CD are conjugate semi-diameters, 

tana tan )3 = — s; 

a 

hence the coefficient of afy" vanishes, and the equation be- 
comes 

ir^(a* sin»a + 6» cos' a) +/"(«' sin')8 + y cos» i8) = aW. 
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In this equation, suppose a/ = 0, then 



r- 



a'&m'^ + b'cos^^' 



This is the value of CI/, which we shall denote by J"" ; 
similarly we shall denote CF^ by a^, so that 



a sin a + b cos a 



Hence the equation to the ellipse referred to conjugate 
diameters is 

or, suppressing the accents on the variahles, 

199. A particular case of the preceding is when c^ = b'; 
then 

a^ sin'^ + b^ cos")8 = a* sin^ a + b^ cos'* a ; 

.'. a* (sin'' 13 - sin" a) = b^ (cos'^ a — cos'* fi) 

= -J"(sin»/3-sin"a); 

.'. sin® /8 =sin*a; 

.*. /8 = 7r — a. 

2 I T a 

And since c^ — b'^ each of them = — - — , (Art. 193). 

Hence from the value of a^ in the preceding article, we 
have 

a^^b^ cfb^ 

2 ~ a' sin" a + 5" cos' a ' 
.-. (a* + i") {(«» - V) sin" a + 6'} = 2a'5» ; 

en? - V V 



.'. Bin'a = 



(a" + i")(a"-i")"a' + 6'' 
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This shews that the equal conjugate diameters are parallel 
to the lines BA and JBA . 

200. The equation to the tangent to the ellipse will be of 
the same form whether the axes be rectangular or the oblique 
system formed by a pair of conjugate diameters ; for the inves- 
tigation of Art. 170 will apply without any change to the 
equation a*y'-hJ'*a?= a *i * which represents an ellipse 
referred to such an oblique system. 

201. Tangents at the extremities of any chord of an ellipse 
meet in the diameter which bisects that chord. 

Eefer the ellipse to the diameter bisecting the chord as the 
axis of X, and tne diameter parallel to the chord as the axis 
of y ; let the equation to the ellipse be 

a'y + b"a? = a"b'\ 

Let X, y\ be the co-ordinates of one extremity of the chord ; 
then the equation to the tangent at this point is 

a'^yy' + b'^xx'^a'^b'^ (1). 

The co-ordinates of the other extremity of the chord are 
x\ — y', and the equation to the tangent there is 

^a'^yy' + b'^xx'^a'^b'^ (2). 

The lines represented by (1) and (2) meet at the point for 
which 



a'» 



y = 0, ^=^'> 



this proves the proposition. 



Supplemental chords* 

202. Def. Two straight lines drawn from a point of the 
ellipse to the extremities of any diameter are called swppU- 
mental chords. They are c^iW^di principal supplemental chords 
if that diameter be the major axis. 



r 
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203. J^ a chord and diameter of an ellipse are parallel^ the 
supplemental chord is parallel to the conjugate diameter. 




Let PP' be a diameter of the ellipse ; QP, QP', two supple- 
mental chords. Let x', y', be the co-ordinates of P, and 
therefore —a;', — y, the co-ordinates of P'. 

Let the equation to PQ be (Art. 32) 

y-y = m(a?-aj'); (1) 

and the equation to PQ 

y+y*=^m' {x-\-x) (2). 

The co-ordinates of the point Q satisfy (1) and (2) ; if then 
we suppose x, y, to denote thosd co-ordinates we have from 
(1) and (2) by multiplication 

y'^y'^^mm'ia^^x") (3). 

But since {x, y) and [x\ y) are points on the ellipse 
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From (3) and (4) we have 

mm' = --^ - ^^^' 

But we have shewn in Art. 188 that if (5) be satisfied, the 
two lines represented by y = mx and y = mx are conjugate 
diameters ; this proves the theorem. 

Polar Eguation, 

204. To find the polar equation to the ellipse, the focus 
being the pole. 

Let fi!P= r, A8P= ; (see Fig. to Art. 158), 

then 8P=ePN, by definition; 

that is, 8P=e{08+8M); 

or, r = a (1 - e^) + er cos (tt - 0), (Art. 161) ; 

.•. r (1 + e cos ^) = a (1 — 6*), 

and r = ^^ "^ a » 

1 +e cos u 

If we denote the angle A8P by 0, then we have as before 

8P=e{08+8M); 
thus r=a(l-e'')+er cos5, 

and r = f'^ " L . 

1 — e cos ^ 

205. We shall make use of the preceding article in finding 
the polar equation to a chord from which we shall deduce the 
polar equation to the tangent. 

Let P and P' be two points on the ellipse ; suppose 
so that P8P' = 2/8 ; and let I be the semi-latus rectum of the 
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ellipse, so that Z= a (1 — e") ; it is required to find the polar 
equation to the line PP\ 




Assume for the equation (see Art. 29) 

^rcos5 + J?rsin^+ 0=0 (1). 

Since the line passes through P, (1) must be satisfied by 
the co-ordinates of P; now ASP= a—^ and 8P consequently 

= ; 7 7>\ ; thus firom (1) 

l + 6Cos(a-i8)' ^ ' 

Z{^ cos (a-/8) +P sin (a-i8)} 

+ (7{l + ecos(a-/3)} = (2). 

Similarly, since the line passes through P\ 
Z {u4 cos (a + /3) + P sin (a + /3)} 

+ (7{1 + e cos (a + /S)} = (3). 

From (2) and (3), by subtraction, 

I [A sin a sin /8--P cos a sin ^) + Cfe sina sin/9 = 0; 
/. l(A sina — Pcos a) + Ce sina = (4). 

From (2) and (3), by addition, 

1{A cos a cos^ + Psina cosi8)+ C(l + e cos a cos)8) = 0; 
/. 1{A cosa + Psina) + (7(8ec)8 + e cosa) =0 (5). 
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From (4) and (5) we find 

lA + (7(sec^ cos a-\-e) = 0, 
IB-^^ C sec /8 sin a = 0. 

Substitute the values of A and B in (1) and divide by C, 
and we have 

r {(sec/9 cosa + e) cos^ + sec/8 sin a sin^} — Z= 0; 

I 
6 COS ^ + secyS cos (a — ^) ' 

If 8Q bisect the angle P8P' we have 

P8Q = fi, smdA'SQ^^a. 

Now suppose )8 to diminish indefinitely; then the chord 
PP becomes the tangent at Q, and we obtain its polar equation 
by putting ^ = in the preceding result ; thus we have 

I 



6 COS + COS (a — ^) * 

The investigations of this article will apply to the para- 
bola by supposing e = 1. 

206. The polar equation to the ellipse referred to the 
centre is sometimes usefal; it may be deduced firom the 
equation a^^ + JV = a*J*, by putting r cos 0, r sin 0, for x and 
y respectively ; we thus obtain 

7^ {a^ sin^ + b' cos'' 0)^a'b\ 
We add a few miscellaneous propositions on the ellipse. 

207. ijT tangents be drawn at the extremities of any Jbcal 
chord of an ellipse^ (I) the tangents will intersect in the corre^ 
sponding directrix, (2) the line drawn from the point of inter^ 
section of the tangents to the focus will be perpendiciilar to the 
focal chord. 
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(1) If two tangents to an ellipse meet in the point (A, h) 
the equation to the chord of contact is, by Art. 183, 

cfTcy + }?hx = aV. 

Suppose the chord passes through the focus whose co-ordi- 
nates are a; = — o^, y = ; then 

— b^hae = a^b^, 

e 

that is the point of intersection of the tangents is on the 
directrix corresponding to this focus. 

(2) The equation to the line through (A, k) and the focus is 

If A = — , this becomes 
e 

Tec? , , » 

and the line is therefore perpendicular to the focal chord of 
which the equation is 

Vhx . V 

208. If through any point within or without an ellipse^ two 
lines be drawn parallel to two given straight lines to meet the 
curve, the rectangles of the segments will be to one another in an 
invariable ratio. 

Let [x\ y') be the given point and suppose a and /8 respec- 
tively the mclinations of the given straight lines to the major 
axis of the ellipse. By Art. 187 if a line be drawn from 
{x\ y') to meet the curve and be inclined at an angle a to the 
major axis, the lengths of its segments are given by the 
equation 



174 



RECTANGLE OF THE SEGMENTS OF A LINE. 



i^(cf sin*a4-6* cos' a) +2r (aV sina + iV cosa) 

therefore the rectanele of the segments = a*^. , 7= 5— . 

° ° a* sin'a-f " co8*a 

Similarly the rectangle of the segments of the line drawn 

from (a/, y') at an angle p = ^ . g^ . ,, — rs • 

Hence the ratio of the rectangles = « . » is — 5^ ; »nd 

'^^ a' sm" a + 6* cos* a 

this ratio is constant whatever of and j/ may be. 




Let be the point through which the lines OPp, OQq, 
are drawn inclined to the major axis of the ellipse at angles 
a, /S, respectively ; then 

OP. Op ^ a^ sin'/3 + y cos'jS 
OQ. Oq" (^ sin* a + i* co8*a ' 

Draw the semi-diameters CD, CE, parallel to Pp, Qq, 
respectively, then, by Art. 206, • 

GZ?'_ a'sin'^ + yco8'/3 
OE'^a^sin'a + ycos'a' 

OP. Op _ GZ>' 
•• OQ.Oq^ CE"' 
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Let TM, TN, be tangents parallel to Pp, Qq, respectively ; 
then if coincides with T, the rectangle OP. Op becomes 
TM\ and OQ.Oq becomes TN""; 

TM' _ GD^ 
TM GD 



EXAMPLES. 

1. CP and GD are coiyugate semi-diameters ; given the 
co-ordinates of P {x', y) find the equation to the line PD. 

2. If lines drawn through any point of an ellipse to the 
extremities of any diameter meet the conjugate CD in the 
points Jf, N, prove that GM.GN= GD". 

3. CP, GD, are two conjugate semi-diameters ; CP, GD\ 
are two other conjugate diameters ; shew that the area of the 
triangle PGP* is equal to the area of the triangle DGD^. 

4. Normals at P and Z>, the extremities of semi-conjugate 
diameters, meet in K; find the equation to KG, and shew that 
KG is perpendicular to PD, 

5. In an ellipse the rectangle contained bv the perpen- 
dicular from the centre upon the tangent, and the part of the 
corresponding normal intercepted between the axes is equal 
to the difference of the squares of the semi-axes. 

6. Shew that the locus of the intersection of the perpen- 
dicular from the centre on a tangent to the ellipse is the 
curve which has for its equation ^=a*cos*<^ + 6 sin'^, the 
centre being origin. 

7. From A the vertex of an ellipse draw a line ABQ to 
Q the middle point of HP meeting oP in B ; shew that the 
locus of B is an ellipse, and also the locus of Q. 
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8. Find the polar equation to the ellipse, the vertex being 
the origin and the major axis the initial Une. 

9. If any chord A Q meet the minor axis produced in JS, 
and CP be a semi-diameter parallel to AQ^ then AQ.AR 
= 2CP\ 

10. A circle is described upon AA' the major axis of an 
ellipse as diameter ; P is any point in the circle ; AP, A'Py 
are joined cutting the ellipse in points Q and Q respectively; 
shew that 

AP A'P _ a^ + V 

AQ^AQ^ y * 

11. K circles be described on two semi-conjugate diame- 
ters of an ellipse as diameters, the locus of their intersection 
is the curve defined by the equation 

12. CjP, GD^ are conjugate semi-diameters ; CQ is perpen- 
dicular to PDy find the locus of Q. 

13. Find the points where the ellipse a (1— e*) = r -f re cos^ 
cuts the line a(l — e') =r sin^+r(l + e) cos^. 

14. Write down the polar equations to the four tangents 
at the ends of the latera recta ; also the equations to the tan- 
gents at the ends of the minor axis ; the focus being the pole. 

15. Determine the locus of the intersection of tangents 
drawn at two points P, Q, which are taken so that the sum 
of the angles A8P, A8Q, is constant. 

16. If Pl^ be a focal chord of an ellipse, and along the 
line 8P there be set off 8Q a mean proportional between 8P 
and /^, the locus of Q will be an ellipse having the same 
excentricity as the original ellipse. 

17. Two ellipses have a common focus and their major 
axes are equal in length and situated in the same straight 
line; find the polar co-ordinates of the points of inter- 
section. 
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18. From an external point two tangents are drawn to ^n 
ellipse; between what limits does the ratio of the length of 
one tangent to the other lie ? 

19. TP, TQ, are two tangents to an ellipse, and CP\ CQ\ 
are the radii from the centre respectively parallel to these 
tangents, prove that P'Q is paralM to PQ, 

20. An ellipse and a circle cut in four points ; shew that 
the common chords make equal angles with the major axis of 
the ellipse. 

21. When the angle between the radius vector from the 
focus and the tangent is least, the radius vector = a. 

22. When the angle between the radius vector from the 
centre and the tangent is least, the radius vector = ( ) . 

23. PT^pt, are tangents at the extremities of any dia- 
meter i^ of an ellipse; any other diameter meets PT in T, 
and its conjugate meets pt in t ; also any tangent meets PT 
in T zxAptmt'] shew that PT : PT :: pt' : pt. 

24. From the ends P, i>, of conjugate diameters in an 
ellipse, draw lines parallel to any tangent line ; and from the 
centre C draw any line cutting these lines and the tangent in 
points jp, dy t, respectively ; then will 

Gp'+Cd'=Ce. 

25. If tangents be drawn from different points of an ellipse 
of lengths equal to n times the semi-conjugate diameter at 
each point, then the locus of their extremities will be a con- 
centric ellipse with semi-axes equal to 

aVK+1) and b^/{rt'+l). 

26. Apply the equation to the tangent in Art. 171 to find 
the locus of the intersection of tangents at the extremities of 
conjugate diameters. 

27. If from a point {x\ y') of an ellipse a chord be drawn 
parallel to a fixed line, shew that the length of this chord 

12 
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varies as ^ —, — ^ , where A is the inclination of the 

COS9 ^ 

tangent at (x', y ) to the axis, and a the inclination of the 

fixed line to the axis. 

28. If through any point P of an ellipse two chords Pft 
PB, be drawn parallel to two fixed lines and making angles 
a and ^ respectively with the tangent at P, shew that the 
latio P^ cosec a : PB coaec^ is constant. 

29. A parabola is touched at the extremities of the latus 
rectum by an ellipse of given magnitude; find the latus 
rectum of the parabola. 

30. The perpendicular on a line joining the ends of per- 
pendicular diameters of an ellipse is of constant length. 

31. Chords are drawn through the end of an axis of an 
ellipse; find the locus of their middle points. 

32. Chords of an ellipse are drawn through any fixed 
point ; find the locus of their middle points. 

33. Two focal chords are drawn in an ellipse at right 
angles to each other ; find their position when the rectangle 
contained by them has respectively its greatest and least 
value. 

34. In an ellipse if PP' and QQ' be focal chords at right 
angles to each other 

l-e» 1-c* 1 1 

77+ o^ ^^; = -X7^ + 



35. P^> QSq, are focal chords; suppose T the point 
where the lines PQ, pq meet ; shew that T8 is equally in- 
clined to the focal chords, and that T is on the directrix 
corresponding to 8. 

36. If r, Oj be the polar co-ordinates of a point P, shew 
that 

4. TT-nry i -, 1 + e COS ^ 

tan liFZ = -77- 5 — Tjr- and = . a . 
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37* Two systems of rectan&nila«r axes have the same ori&dn; 
if an ellipse whose centre is at the origin cut them at dis^ 
tances a, J, and a, b\ respectively, then 

3S. The excentric angles of two points P and Q are ^ and 
d! respectively; shew mat the area of the parallelogram 
formed by the tangents at the extremities of the diameters 

through P and Q is —, — 7-77 — ^r^ ; shew also that the area is 
° sm (<^ — <^) 

least when P and Q are the extremities of conjugate dia- 
meters. 

39. Shew that the equation to the locus of the middle 
points of all chords of the same length (2c) in an ellipse is 

40. Chords of an ellipse are drawn through a point (A, k) 
at right angles to one another ; if CP, CQ, be the radii drawn 
from the centre parallel to the chords, and J^, jP, the middle 
points of the chords, shew that 

41. Given the co-ordinates of P, find those of the inter- 
section of the tangents at P and D. (See Fig. to Art. 192.) 

42. Shew that the equation 

represents the tangents at P and 2>, supposing x\ y\ the co- 
ordinates of P. (See Fig. to Art. 192.) 

43. If CP, CD, be any conjugate diameters of an ellipse 
APBDA and BP, BD, be joined and also AD, A'P, these 
latter intersecting in 0, shew that BDOPis a parallelogram. 

12—2 
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44. Shew that the area of the parallelogram in the pre- 
ceding question = ay' + Ja?' — oft, where a;', y\ are the co- 
ordinates of P; and nnd the greatest value of this area. 

45. If a line be drawn from the focus of an ellipse to 
make a given angle a with the tangent, shew that the locus of 
its intersection with the tangent will be a circle which touches 
or falls entirely without tiie ellipse according as cos* a is 
less or greater than the excentricity of the ellipse. 

46. In an ellipse 8Q^ HQ, drawn perpendicular to a pair 
of conjugate diameters intersect in Q ; prove that the locus of 
Q is a concentric ellipse. 

47. A line of constant length moves so that its ends 
always lie on two given lines ; find the locus traced out by a 
point in the line which divides it in a given ratio. 

48. What is represented by the equation ct' -f y* = c* when 
the axes are oblique? 

49. Shew that when the ellipse is referred to any pair of 

conjugate diameters as axes, the condition that y = mx and 

ft" 
y = mx may represent conjugate diameters is mm' = ?| . 

Of 

60. The ellipse being referred to equal conjugate diame- 
ters, find the equation to the normal at any point. 

51. From any point P perpendiculars PM, PN, are drawn 
on the equal conjugate diameters; shew -that the normal at P 
bisects MN. 
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CHAPTER XI. 



THE HYPERBOLA. 



209. To find the equation to the hyperbola. 

The hyperbola is the locus of a point which moves so that 
its distance from a fixed point bears a constant ratio to its 
distance from a fixed straight line, the ratio being greater 
than miity. 




B' 




Let H be the fixed point, YY' the fixed straight line. 
Draw HO perpendicidar to YY' ; take as the origin, OH 
as the direction of the axis of a;, OYsls that of the axis of y. 

Let P be a point on the locus ; join HP, draw PM parallel 
to OF and P^ parallel to OX, Let OH=:j>, and let e be 
the ratio of HP to PN* Let x, y, be the co-ordinates of P. 
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By definition 

HP^ePN; 

.'. PiP + mP^^Plf*, 
that is, ^ + {x —pY = ^a?. 

This is the equation to the hyperbola with the assumed 
origin and axes. 

210. To find where the hyperbola meets the axis of x we 
put y = in the equation to the hyperbola ; thus 

.". a;— ^= ±ex\ 

1 + e 
Since e is greater than unity, 1 — 6 is a negative quantity. 

Let OA' — -^^ttj OA = , ^ , the former being measured 
e — 1 l-fe ° 

to the lefi of -4, then A and -4 are points on the hyperbola. 

A and A are called the vertices of the hyperbola, and G 

the point midway between A and -4' is called the centre of 

the hyperbola. 

211. We shall obtain a simpler form of the equation to 
the hyperbola by transforming the origin to -4 or (7. 

I. Suppose the origin at A. 

Since OA = r:^— , we put x = x* -k- t~— and substitute 

1 +e ^ 1 +6 

this value in the equation 

to, j'+(»'+Tf^-i')'-«'(«'+r+i)'' 
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The distance A A = -^ + -2— = —^ . i;ire will denote 

e — 1 1 + e c — 1 

this by 2a ; hence the equation becomes 

3^ = (e'-l)(2aa:' + a;''). 

We may suppress the accent, if we remember that the 
origin is at the vertex Ay and thus write the Equation 

3^=(e»-l)(2aa; + a^) (1). 

n. Suppose the origin at G. 

Since GA = a, we put ic = a;' — a and substitute this value 
in (1) ; thus 

/ = (e«-l){2a(a;'-a) + (aj'-a)*} 

We may suppress the accent if we remember that the 
origin is now at the centre G, and thus write the equation 

3^»=(e»-l)(a?-a^) (2). 

In (2) suppose a; = 0, then y' = — (e* — 1) a' : this gives an 
impossible value to y, and thus the curve does not cut the 
axis of y. We shall however denote (e* — J) a* by 6', and 
measure off the ordinates GB and GB' each equal to i, as 
we shall find these ordinates useful hereafter. 

Thus (1) may be written 

y = ~,(2aaj + a?) (3), 

and (2) may be written 

3l« = ^(a?-««) (4), 
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or, more symmetrically, 



^-^ = 1, or, o'y'-JV^-a'i*, 



(5). 



212. 



Since AH^eOA and 0^ = --^— /we hare 

1 -f-« 

1+e e'-l ^ ' ' 



>e-l 



a. 



and 



1 + e e 

e e 



213. We may now ascertain the form of the hyperbola. 
Take the equation referred to the centre as origin, 



y=^(x'-a'), 



(1). 



X 



For every value of x less than a, y is impossible. When 
= a, y = 0. For every value of a; greater than a there 
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ate two values of y equal in magnitude but of opposite sign. 
Hence if P be a point in the curre on one side of the axis 
of a?, there is a point P* on the other side of the axis, 
such that P'M = PM, Hence the curve is svmmetrical 
with respect to the axis of a?, and it extends indefinitely 
to the right of A. 

If we ascribe to x any negative value we obtain for y 
the same pair of values as when we ascribed to x the cor- 
respondine positive value. Hence the portion of the curve 
to the len of the axis of y is similar to the portion to the 
right of it. 

As the equation (1) may be put in the form 

«*=^V+i') (2), 



we see that the axis of y also divides the curve symmetrically, 
and that the curve extends above and below VA. Thus the 
curve consists of two similar hranchea each extending inde- 
finitely. 

The line EK\& the directrix, fi'is the corresponding focus. 
Since the curve is symmetrical with respect to tne line BGB\ 
it follows that if we take C8= CH and GE' = GE, the 
point 8 and the line E'K* will form respectively a second 
focus and directrix, by means of which the curve might 
have been generated. 

214. The point G is called the cefobre of the hyperbola, 
because every chord of the hyperbola which passes through 
G is bisected in G, This is proved in the same manner as 
the corresponding proposition m the ellipse. (See Art. 163.) 

215. We have drawn the curve concave towards the axis 
of X ; the following proposition will justify the figure. 

The ordinate of any point of the curve which lies between 
a vertex and a fixed point of the curve on the same branch 
as the vertex is greater than the corresponding ordinate of 
the straight line joining that vertex and tfie fixeS point. 
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Let A be the vertex and take it for the origin ; let P be 
the fixed point ; x\ y\ its co-ordinates. Then the equaticm 
to the hyperbola is (Art. 211) 

y* = -5(2air + a?). 

The equation to AP is 

y' 

since {x\ y') is on the hyperbola. 

Let X denote any abscissa less than x\ then since the 
ordinate of the curve is - V(2aa? + a:*) or - \/ i Hi) a?, 

and that of the straight line is - a / f — + 1 ) a;, it is obvious 
that the ordinate of the curve is greater than that of the line. 

216. AA' and BS' are called cucea of the hyperbola. The 
axis AA' which if produced passes through the foci, is called 
the transverse axis, and BB the caryttgate axis. We do not 
as in the case of the ellipse, use the terms mafor and minor 
axis, because since 6 = a \/(^ — 1) (Art. 211), and e is greater 
than unity, b may be greater or less than a. 

The ratio which the distance of any point on the hyper- 
bola firom the focus bears to the distance of the same point 
firom the corresponding directrix is called the excentridty of 
the hyperbola. We have denoted it by the symbol e. 

To find the latvs rectum (see Art. 128) we put x = CjET, 
that is, = 06, in equation (1) of Art. 213 ; thus 

&V(e'-l) _y. 

.*. LH= — , and the latos rectum = — . 
a a 
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Since J* = a* (e' — 1) ; /. ^ + «? = aV ; that is, 

.'.AB^CH. 

217. The equation to the hyperbola may be derived from 
the equation to the ellipse by writing — i* for b^. We shall 
find that the hyperbola has many properties similar to those 
which have been proved for the ellipse ; and as the demon- 
strations are similar to those which have been given, we shall 
in some cases not repeat them for the hyperbola, but refer to 
the corresponding articles in the chapters on the ellipse. 

218. To express the focal distances of any point of the 
hyperbola in terms of the abscissa of the point. 




Let 8 be one focus, U'K' the corresponding directrix ; H 
the other focus, EK the corresponding directrix. Let P be a 
point on the hyperbola ; x, y, its co-ordinates, the centre 
being the origin. Join SP^ MP, and draw PNN* parallel 
to the transverse axis and PJf perpendicular to it. Then 

8P=^ePN' = e{GM+GE')=e(x+f\ = ex + a, 
HP:=ePN=^e{GM^GE)=e(x-^) = ex-a. 
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Hence SP-^HP-^^ 2a; that is, the diference of the focal 
distances of any point on the hyperbola is equal to the trans- 
verse axis. 

219. The equation y* = -1 (as^ — a*), may be written 

IS 

Hence (see Fig. to Art. 213), 



Tangent and Normal to an Hyperbola. 

220. To find the eqtuition to the tangent at any point of 
an hyperbola^ 

By a process similar to that in Art. 170, it will be foimd 
that the equation to the tangent at the point (a^, y) is 

or, a^yy^ — Vocoif = — a'J*. 

These equations may be derived from the corresponding 
equations with respect to the ellipse by writing — V for &*• 

• 221. The equation to the tangent to the hyperbola may 
also be written m the form (see Art. 171) 

y = mx + Aj(m^a^ — J')» 

Conversely every line whose equation is of this form, is a 
tangent to the hyperbola. 

222. It may be shewn as in the case of the circle that a 
tangent to an hyperbola meets it in only one point. Also if a 



NORMAL TO AN HYPERBOLA. 189 

line meet an hyperbola in only one point, it is in general 
a tangent to the hyperbola at that point. For suppose 

to be the equation to an hyperbola, and 

the equation to a straight line. Then to determine the ab- 
scisssB of the points of intersection, we have the equation 

or, (a»w' - V) a? + 2a'wca; + a' (c* + i') = 0. 

This equation has always two roots, except 

(1) when a*wV = (aW - 6*) a» {<? + J»), 
or, c" = w'a — b , 

and consequently the line is a tangent, 

(2) when aW — 6* = 0, the equation then reduces to one of 
the first degree, and therefore has but one root. Thus a line 
which meets the hyperbola in one point only is a tangent at 
that point unless the inclination of the line to the transverse 

axis be +tan"*-. 

a 

223. The tangents at the vertices A and A' axe parallel 
to the axis of y. (See Art. 172.) 

224. To find the equation to the normal at any point of 
an hyperbola. (See Art. 173.) 

It will be found that the equation to the normal at 
{of, y') is 
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This may also be written in the fonn 

y^mx — 77-5 — 7r-5\- (See Art. 174.) 
V (» "" O'mr^ 

225. We shall now deduce some properties of the hy- 
perbola from the preceding articles. 




Let x\ y\ be the co-ordinates of P; let PTbe the tangent 
at P, FG the normal at P; FM^ FN, perpendiculars on the 
axes. 

The equation to the tangent at P is 

a'yy ' — Vxx' =s — aV. 

Let y = 0, then a? = — , hence 



CT= 



OA* 
CM' 



Simila]:l7 



.'. CM.GT=CA\ 
CN.GT'=CB^. 
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226. As in Art. 176, we may shew that 

CG = <?CM, 

GG' = ^ FM. 



227. As in Art. 177, we Inay shew that 

where /SP=/, HP^r. 

228. The tanaent at any point bisects the angle between the 
focal distances of that point. 

For in the manner given in Art. 178, we maj shew that 

SPG'^HPG; 
and therefore since PTia perpendicular to G0\ 

TP8= TPH. 
Or we may prove the result thus, 

Ca:=e^x\ (Art. 226), 

HO^^x'-^ae. 

Also iSP=ea?' + a, HP^^ex' — a; hence 

Sa _8P 
EG' HP' 

therefore by Euclid vi. 3, PG bisects the angle between HP 
and 8P produced, that is 

8PG' = HPG. 

229. To find the locus of the intersection of the tangent at 
any point with the perpendicular on it from the focus. 

It may be proved as in Art. 180, that the required locus is 
the circle described on the transverse axis as diameter. 
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230. Let p denote the perpendicular from S on the 
tangent at P, and p the perpendicular from 8 ; then, as in 
Art. 181, it may be shewn that 

Since r' = 2a + r, we have 

,_ Vr 

231. From any external point two tangents can be drawn to 
an hyperbola. 

Let h, Jc, be the co-ordinates of the external point, then as 
in Art. 182, we shall obtain the following equation for deter- 
mining the abscissa, a?', of the point of contact of the tangents 
and hyperbola 

a.'« (a*A« - JT) + 2a^b'haf - a* {b' + i?) = 0. 

The roots of this quadratic will be possible if 

a*b'h' + a* {b' + h") {a'^Ji? - 6T) is positive ; 

that is, if 

J^a'-^b'h' + a'b' 
is positive. 

But if (A, k) be an external point the last expression is 
positive, and therefore two tangents can be drawn to the 
hyperbola from an external point. 

The product of the two values of a/ given by the above 
quadratic is 

a'jb' + k') 

this product is therefore positive or negative according as 
a'A* — J'A* is negative or positive ; that is, the two tangents 
meet the same branch or different branches according as 
(fl^ — VK^ is negative or positive. 

232. Tangents are drawn to an hyperbola from a given 
external point ; to find the equation to the chord of contact. 
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lict A, i, be the co-ordinates of the external point ; then 
the equation to the chord of contact is 

a% - J^Aa; = - a%\ (See Art. 183.) 

233. Through any fixed point chords are dravm to an 
hyjperhola, and tangents to the hyperbola a/re dravm at the 
eoctremities of ea<ih chord ; the hms of the intersection of the 
tangents is a straight line. 

Let A, ^, be the co-ordinates of the point through which 
the chords are drawn, then the equation to the locus of the 
intersection of the tangents is 

a% - Vhx = - a^h\ (See Art. 184.) 

234. If from any point in a straight line a pair of tangents 
he drawn to an hyperbola^ the chords of contact will all pa^s 
through a fixed point. (See Art. 185.) 

235. The student should observe the different interpreta- 
tions that can be assigned to the equation 

d^ky — Vhx = - a*y . 

The statements in Art. 103, with respect to the circle may- 
all be applied to the hyperbola. 



EXAMPLES. 

1. What is the equation to an hyperbola of given trans- 
verse axis whose vertex bisects the distance between the 
centre and focus ? 

2. If the ordinate MP of an hyperbola be produced to Q 
SO that MQ = /SP, find the locus of Q. 

3. If any chord AP through the vertex of an hyperbola 
be divided in Q so that AQ : QP :: AG^ : BG\ and QJf be 
drawn to the foot of the ordinate MPy shew that ^0 at right 
angles to QJf cuts the transverse axis in the same ratio. 

13 
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4. PQ is a chord of an ellipse at right angles to the major 
axis AA'; PA, QA', are produced to meet in B; shew that 
the locus of B is an hyper Dola having the same axes as the 
ellipse. 

5. If a circle be described passing through any point P 
of a given hyperbola and the extremities of the transverse 
axis, and the ordinate MP be produced to meet the circle in 
Qy shew that the locus of Q is an hyperbola whose conjugate 
axis is a third proportional to the conjugate and transverse 
axes of the original hyperbola. 

6. Find the locus of a point such that if from it a pair of 
tangents be drawn to an ellipse the product of the perpen- 
diculars dropped from the foci upon the chord of contact will 
be constant. 



1 
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CHAPTEE Xn, 

THE HYPERBOLA CONTINUED. 

Dtameters. 

236. To find the length of a line drawn from any point in 
a given direction to meet an hyperbola. 

Let a;', y\ be the co-ordinates of the point from which the 
line is drawn ; a;, y , the co-ordinates of the point to which the 
line is drawn ; 6 the inclination of the line to the axis of x ; 
r the length of the line ; then (Art. 27) 

a; = a?' + r cos 5, y=zy* ^r sin 5 (1). 

If {x, y) be on the hyperbola these values may be substi- 
tuted in the equation a^ — J V = — c?h^ ; thus 

a»(y+rsine)"-6»(x' + rcos^)' = -a*y; 

.-. r'(a'^sin'5-.&"cos'^)+2r(ay sin^-iVcos^) 

+ ay-JV»+a*J» = (2). 

From this quadratic two values of r can be found which 
are the lengths of the two lines that can be drawn from {x\ y) 
in the given direction to the hyperbola. 

237. To find the diameter of a given system of paraJlel 
chords in an hyperbola. (See definition in Art. 148.) 

Let be the inclination of the chords to the transverse axis 
of the hyperbola ; let x\ y', be the co-ordinates of the middle 
point of any one of the chords ; the equation which deter- 
mines the lengths of the lines drawn from {x', y') to the curve 
is (Art. 236) 

7^{€? Ar^e^V 00^0) + 2r (ay sin e- JV cos^) 

+ a'y'«-ya:'» + a»y = (1). 

13—2 
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Since {x\ y') is the middle point of the chord, the values of 
r famished hj this equation must be emwl in magnitude and 
opposite in sign ; hence the coefficient of r must vanish ; thus 

ay sind-JV costf = 0, or y' = -i cot^.a;' (2). 

a 

Considering of and v' as variable this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the nyperbola. 

Hence every diameter passes through the centre. 

Also every straight line passing through the centre is a 
diameter, that is, bisects some system of parallel chords^ For 
by giving to ^ a suitable value the equation (2) may be made 
to represent any line passing through the centre. If ^ be 
the inclination to the axis of x of the diameter which bisects 
all the chords inclined at an angle ^, we have from (2) 

tand'==-,cot^: 
a 

12 

.-. tan^tand' = -Ti (3), 

238. If one diameter bisect all chords parallel to a second 
diametCTy the second diameter will bisect all chords parallel to 
the first. 

Let 6^ and 6^ be the respective inclinations of the two 
diameters to the transverse axis of the hyperbola. Since the 
first bisects all the chords parallel to the second, we have 

tan Q^ tan ft = -s * 
■ ^ a 

And this is also the only condition that must hold in order 
that the second may bisect the chords parallel to the first. 

The definition in Art. 191 holds for the hyperbola. 

239. Every straight line passing through the centre of an 
ellipse meets that ellipse ; this is evident from the figure, or 
it may be proved analytically. But in the case of an hyper- 
bola this proposition is not true as we proceed to shew. 
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240. To find the points of intersection of an hyperbola 
ivith a straight line passing through its centre. 

Let the equation to the straight line be 

Substitute this value of y in the equation to the hyperbola 

tlien we have for determining the abscissae of the points of 
intersection the equation 
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• • 



X 



J • o?h 



u —aw* 



«^2 • 



Hence the values of x are impossible if aW is greater 
than i^ 

Thus a line drawn through the centre of an hyperbola will 
not meet the curve if it makes with the transverse axis an 

angle greater than tan"^ - . 

241. It is convenient for the sake of enunciating many 
properties of the hyperbola to introduce the following im- 
portant definition. 

Def. The conjugate hyperbola is an hjrperbola having for 
its transverse and conjugate axes the conjugate and transverse 
axes of the original hyperbola respectively. 

242. To find the equation to the hyperbola conjugate to a 
given hyperbola. 

Let AA\ BB'y be the transverse and conjugate axes respec- 
tively of the given hyperbola ; then BB' is the transverse 
axis of the conjugate hyperbola, and AA' is its conjugate 
axis. Let P be a point m the given hyperbola, Q a point in 
the conjugate hyperbola. Draw FM, QN^ perpendicular to 
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1 




CXy CY, respectively. The equation to the given hyperbola 
is 



Hence 



since Q is a point on an hyperbola having CB, GA, for its 
aemi-transyerse and semi-conjugate axes respectively. Thus 
if a?, y, denote the co-ordinates of Q 



a 



This, therefore, is the equation to the conjugate hyperbola ; 
we observe that it may be deduced from the equation to the 
given hyperbola by writing — a* for a' and — J" for h\ 
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The foci of the conjugate hyperhola will he on the line 
BCB' at a distance from G—AB (Art. 216) ; that is, at the 
same distance from (7 as yS^ and H. 

243. Every straight line drawn through the centre of an 
hyperbola meets the hyperbola or the conjugate hyperbola^ except 
the two lines inclinea to the transverse axis of the hyperbola 

-1* 
€U an angle = tan - . 

Xiet the equation to the straight line be 

y^mx (1). 

To find the abscissse of the points of intersection of (1) 
with the ^ven hyperbola, we have, as in Art. 240, Ihe 
equation 

212 

"^"y-a^m* (^^• 

Similarly to find the points of intersection of (1) with the 
conjugate hyperbola, we have the equation 

•^ ^ s 2 12 ••• \y}' 

V 
H m' be less than -^ , (2) gives possible values, and (3) 

V 
impossible values for a; ; if m' be greater than ^ , (2) gives 

impossible values, and (3) possible values for x\ if w* = -3, 

(2) and (3) make x infinite. Thus the two lines that can 

be drawn at an inclination tan"^ - to the transverse axis of 

a 

the given hyperbola meet neither curve ; and every other line 

meets one of the curves. 

244. Of two conjugate diameters one meets the original 
hyperbola^ and the other the conjugate hyperbola. 

Let the equations to the two diameters be 

y = fnxy y = m'x ; 
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then, by Art. 238, mm = -5 ; /. w'm" = —. . 

a a 

Hence if m' is less than -s , m'* is £Teater than -& : thus 

the first diameter meets the original hyperbola, and the 
second the conjugate hyperbola. K m' is greater than 

A* &' 

-7, m'* is less than -s; thus the first diameter meets the 

conjugate hyperbola, and the -second the original hyperbola. 

245. We proceed now to some properties connected with 
conjugate diameters. When we speak of the ^ctremities of a 
diameter we mean the points where that diameter intersects 
the original hyperbola or the conjugate hyperbola. 

We may remark that the original hyperbola bears the 
same relation to the conjugate hyperbola as the conjugate 
hyperbola bears to the original hyperbola. Thus the defini- 
tion may be given as follows : two hyperbolas are called con- 
jugate when each has for its transverse axis the conjugate 
axis of the other. 

Also if a line bisect all parallel chords terminated by one 
of the hyperbolas it bisects all the chords of the same system 
which are terminated by the other hyperbola. For the equa- 
tion, (Art. 237), tan 6 tan ^' = -g remains unchanged when we 

write —a* for a' and —J* for i^ that is, when we pass from 
the original hyperbola to the conjugate (Art. 242). 

Both curves are comprised in the equation 

(ay-iV)^ = a*i\ 

246. The tangent at either extremity of any diameter is 
parallel to the chords which that diameter bisects. See Art. 190. 

247. Given the co-ordinates of one extremity of a diameter, 
to find those of either extremity of the conjugate diameter. 

Let AG A', BGB\ be the axes of an hyperbola; PCP, 
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DCiy^ a pair of conjugate diameters. Let ^\ y\ be the 
given co-ordinates of P; then the equation to (JP is 

y' 

y = -,Xi 

^ X 

Since the conjugate diameter BD' is parallel to the tangent 
at P, the equation to DD' is 

y=^'" (2). 

We must combine (2) with the equation to the conjugate 
hyperbola to find the co-ordinates of D and ly. Substitute 



from (2) in 



ay-JV = a''J"; then 

.. X-± J , 
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hx 



.'. from (2), y = ± 



a 



In the figure the abscissa oi D is positive, and that of 27 
negative ; hence the upper sign applies to Z>, and the lower 
toD\ 

248. Hie difference of the squares of two conjugate aefmi- 
diameters is constant. 

Let oj', y, be the co-ordinates of P; then by the preceding 
article, 

"■ 6* "^ a* 

Hence the diflference of the squares of two conjugate semi- 
diameters is equal to the diflference of the squares of the semi- 
axes. 

249. The area of the parallelogram formed by tangents at 
the ends of conjugate diameters is constant. 

Let PGP\ BCD', be the conjugate diameters (see fig. to 
Art. 247). The area of the parallelogram formed by tangents 
at P, D, P', ly, is 4:CP.ai)8mPCn, or ip.CD where j> 
denotes the perpendicular from C on the tangent at P. Let 
X, y\ be the co-ordinates of P; then the equation to the 
tangent at P is 

_ J V }? 

y — ~~2~t •^ — ' • 
ay y 

Hence, (Art. 47), 

y' cfh* 



v = 
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Hence the area of any parallelogram formed by tangents at 
the ends of conjugate diameters is equal to the area of the 
rectangle formed by tangents at the ends of the axes. 



250. Let a, b\ denote the lengths of two conjugate semi- 
diameters; a the angle between them; by the preceding 
article, 

db' sin a = ab. 

By making P move along the hyperbola from A we can 
make CPor a as great as we please. Also since a^ — b'^ is 
constant, b' increases with a. Thus sin a can be made as 
small as we please, that is, CP and CD can be brought as 
near to coincidence as we please. The limiting position 
towards which they tend is easily found ; for from Art. 237, 

, b' 
mm = -5 : 
a 

thus the limit to which m and m' approach as GP and CD 

h 

approach to coincidence is + - . 

251. From Art. 249, we have 

^ ^G^^ CP'^a'+b'' ^^' ^^'^ 

This gives a relation between^ the perpendicular from the 
centre on the tangent at any point P, and the distance CP of 
that point from the centre. 

252. To find the egttatton to the hyperbola re/krred to a 
pair of conjtigate diameters as axes* 

It may be shewn as in Art. 198, that the equation is of the 
same form as when the hyperbola is referred to its axes, 
namely. 
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Also the equation to the conjugate hyperbola referred to 
the same axes is 

'2 l'« — ■■■• 

a 

The equation to the tangent to the hyperbola will be of the 
same form whether the axes be rectangular or the oblique 
system formed by a pair of conjugate diameters. (See Art. 
2OO0 

253. TangefrUa at the extremities of any chord of an hyper- 
hola meet in the diameter which bisects that chord. (See Ajrt. 
201.) 

254. ^ a chord and diameter of an hyperbola are parallel 
the supplemental chord is parallel to the conjugaie diameter, 
(See Arts. 202, 203.) 



Asymptotes. 

255. The properties of the hyperbola hitherto given 
have been similar to those of the ellipse ; we have now to 
consider some properties peculiar to the hyperbola. 
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Let the equation to the hyperbola be 

and let CL be the line which has for its equation 

hx 
y = — . 
a 

Let MPQ be an ordinate meeting the hyperbola in P and 
the striiight line CL in ^ ; then if CM be denoted by x, 

PM= - V(a' - ^y QM^ — ; 

If then the line -MPQ be supposed to move parallel to itself 
from A^ the distance PQ continually diminishes, and by taking 
Gilf large enough w6 may make PQ as small as we please. 
The line GL is called an asymptote of the curve. 

Similarly the line GL' which has for its equation 

bx 





y= a' 


is an asymptote. 




Thus the equation 


^ A 




^-2^ = 
a* i» "' 



includes both asymptotes. We may take the following de- 
£nition. 

Def. An asymptote is a straight line the distance of 
which from a point of a curve diminishes without limit as 
the point in the curve moves to an infinite distance from the 
origm. 

The distance of P from GL is PQ siaPQG; and as we 
have seen that PQ diminishes without limit as P moves away 
from the origin, GL is an asymptote according to the definition 
here given. 
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256. In the same maimer we may shew that CL is an 
asymptote to the conjugate hyperbola. For let MP be pro- 
duced to meet the conjugate hyperbola in P then (Art. 242) 

a ^ 

Hence as CM is increased indefinitely P*^ is diminished 
indefinitely; therefore GL is an asymptote to the conjugate 
hyperbola. 

257. The equation to the tangent to the hyperbola at the 
point (a/, y') is 

_ VtSx V 

••• y - ay y 

h XX V 



a' ^/{x'^-cF) y' 

hx y 



K X and y' are increased indefinitely the limiting form to 
which the above equation approaches is 

bx 



a 



Thus the tangent to the hyperbola approaches continually 
coincidence with an asymptote when i" 
moves away indefinitely from the origin. 



258. It appears from Art. 243 that eveiy straight line 
drawn through the centre of an hyperbola must meet the 
hyperbola or its conjugate, unless its direction coincides widi 
that of one of the asymptotes. And from Art. 250 it appears 
that as conjugate diameters increase indefinitely they approach 
to coincidence with one of the asymptotes. 



^ 
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259. The line joining the ends of oonjugoite diameters i$ 
jparallel to one asymptote and bisected by the other. 

Let Xy y\ be the co-ordinates of any point P on the hyper- 
Tjola (see fig. to Art. 247) ; then the co-ordinate of D the 
extremity of the conjugate diameter are (Art. 247) 

av' 1 bod 

-f- and — . 

a 

Hence the equation to DP is 

, b7l 

that is, y-y =--(ic-a?'); 

a 

and therefore BP is parallel to the asymptote 

bx 
^ a 

Also the co-ordinates of the middle point of DP are, 
(Art. 10), 

These co-ordinates satisfy the equation 

bx 

bx 
therefore the asymptote y = — bisects PD. 

Since the diagonals of a parallelo^am bisect each other, 
and P3 is one diagonal of the parfdlelogram of which CP 
and CD are adjacent sides, the otner diagonal coincides with 
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the asTmptote, that is, the tangents at P and D meet on the 
asymptote. 

260. The equation to the hyperbola referred to conjugate 
diameters as axes is 

^■"F^^ ^^)- 

Hence the equations to the asymptotes referred to these 
axes are 

Vx Vx 

y^ir^ y=—^ (2)- 

For we may shew as in Art. 243 that the lines denoted by 
(2) are the only lines through the centre which meet neither 
(1) nor its conjugate. Hence these lines are the asymptotes 
by Art. 258. 

Or the same conclusion may be obtained thus ; the original 
equation to the hyperbola is 

a' 5' ~ ' 
and that to the two asymptotes 

a* V "• 

If by substituting for x and y their ralues in terms of the 
new co-ordinates oi and y\ and suppressing accents on the 
variables, the former equation is reduced to 

a'* V^ " ' 
the latter must become, by the same substitution, 

261. To find the equation to the hyperbola referred to the 
asymptotes as axes^ 



KEFERRED TO THE ASYMPTOTES AS AXES. 
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Let CX, (7F, be the original axes ; CZ', CY\ the new 
axes, SO that GX' and CY' are inclined to GX at an angle a 

such that tan a = - • Let a?, y, he the co-ordinates of a point 

P referred to the old axes ; x\ y\ the co-ordinates of the same 
point referred to the new axes. Draw PM parallel to GY\ 
and Pif and M'N^ each parallel to GY. Then 

x^GM=GN^NM 

= (a?' -f y') cos a. 
So y = PJlf = (y' - a:') sin a. 

sin a = -77-5— ^ K substitute these 



Also cosa = 



V(a" + y)f 



values in the equation 

then €?}? {y' - a?')» - a^}? {y' + a;')* = - a^b' (a* + i'), 



or 



7 • 



or, suppressing the accents, 



xy = 



a*+h 



.2 



14 



^ 
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The equation to the conjugate hyperbola referred to the 
same axes is (Art. 242) 

a» + y 



262. To find the equation to the tangent at any point of an 
hyperbola when the carve is referred to its asymptotes as axes. 

Let X, y\ be the co-ordinates of the point ; 

x\ y\ the co-ordinates of an adjacent point on the curve. 
The equation to the secant through these points is 



jt 



y-y'=|r3f (a'-a'') (1). 

Since (a;', y) and (x\ y") are points on the hyperbola 

It ti ft 

,', X y =xy , 
Hence (1) may be written 

t X / f\ 

or, y-y^-^ti^-^')' 

Now in the limit x" = x ; hence the equation to the tan- 
gent at the point {x\ y) is 

y-y=-|(«^-«^') (2). 

This equation may be simplified ; multiply by x, thus 

'j^^' o ' ' «' + ** 
yx ^xy ^2xy =-^5—. 
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263. To find where the tangent at {x\ y) meets the axis 
of X put y = in the equation » 

.^ , a' + V 
yx ^xy = —^ ; 

^, a' + V 2x'y ^ , 

thus. X = — r-r- = — ,- = 2a? . 

2y y 

Similarly to find where the tangent cuts the axis of y 
put ir = in the equation; thus 

a'^V 2xy' _ , 

Thus the product of the intercepts = 4cxy = a' + J*. The 
area of the triangle contained between the tangent at any 
point and the asymptotes is equal to the product of the inter- 
cepts into half the sine of the mcluded angle 

= J (a* + V) sin 2a = (a' + V) sin a cos a = ai, 

and is therefore constant. 

Since the tangent at (x\ y) cuts off intercepts 2x\ 2y\ firom 
the axes of x and y respectively, the portion of the tangent at 
any point intercepted between the asymptotes is bisected at 
the point of contact. 



Polar EqiutttoTL 

264. To find the polar equation to the hyperbola, the 
focus being the pole. 

Let HP= r, AHP= 6 ; (see fig. to Art. 209) 
then HP=ePN^ by definition; 

that is, HP^e[OH-\- HM) ; 

or r = a (€* - 1) + er cos (tt - ^), (Art. 212) ; 

.;. r(l+ecos^)=a(e'-l), 

^d '•=#^ (!)• 

1 + e cos p ^ 

14—2 



n 
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If we denote the angle XHPhj 0, then we have as before 

HP=e{OM+HM); 

thus r = a (c* — 1) + er cos 0, 



and 



^ a(g'- l) 
~ 1 — e cos ^ 



(2). 



265. It will be a good exercise to trace the form of the 
hyperbola from its polar equation. Take the equation (1) ; 
suppose ^ = 0, then r = a{e—l); we must therefore measure 
off the length a{e — l) on the initial line from the pole jH", and 
thus obtain the point A as one of the points of the curve. 




TT 



As increases from to -we see from (1) that r increases; 



IT 



COS is negative when is greater than — and r continues to 

increase. Let a be such an angle that 1 + e cos a = 0, that is, 

cos a = — , then the nearer approaches to a the greater r 

becomes, and by taking near enough to a, we may make r 
as great as we please. Thus as increases from to a that 
portion of the curve is traced out which begins at A and 
passes on through P to an indefinite distance from the origin. 
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When 6 is greater than a, r is negative, and is at first in- 
definitely great and diminishes as d increases fi*om a to tt. 
Since r is negative we measure it in the direction opposite to 
that we shordd use if it were positive. Thus as ^mcreases 
from a to TT that portion of the curve is traced out which 
begins at an indefinite distance firom C in the lower left hand 
quadrant, and passes on through Q to A. HA' is found by 
putting O^ir m (1); then r becomes — a(e+l) therefore 
HA is in length = a (e + 1). 

As increases firom tt to 27r — a, r continues negative and 
numerically increases, and may be made as great as we please 
by taking sufficiently near to 27r — a. Thus the branch of 
the curve is traced out which begins at A and passes on 
through Q to an indefinite distance. 

As increases firom 27r — a to 27r, r is again positive, and 
is at first indefinitelv great and then diminishes. Thus the 
portion of the curve is traced out which begins at an indefi- 
nitely great distance firom C in the lower right hand quadrant 
and passes on through P' to A. 

The asymptotes CL and CL' are inclined to the transverse 
axis at an angle of which the tangent is - ; hence cos LGA 

= - , and cos LGA = ; that is, LGA = a. 



V(a' + y) 6' — e ^ 

Thus as approaches the value a the radius vector approaches 
to a position parallel to GL, Similarly as approaches the 
value 27r — a the radius vector approaches to a position parallel 
to GL. 

266. As in Art. 205 it may be shewn that the polar 
equation to a chord subtending at the focus an angle 2)8 is 

I 
r = 



e cos^-f sec/8 cos {ol — 0) ' 

a — )8, and a + )S being respectively the vectorial angles of the 
lines which join the focus to the ends of the chord, and I the 
semi-latus rectum. 
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Hence the polar equation to the tangent is 

I 




r = 



e cos + cos (a — ^) ' 



267. The polar equation to the hyperbola, the centre 
being the pole is (Art. 206) 

7^{a^ ain^d-b' cob^ 0)=-a'b\ 

Aria. 207, 208, are applicable to the Hyperbola. 

Equilateral or Rectangular Hyperbola. 

268. If in the equation to the ellipse ay + &*ic* = a*J*, 
we suppose & = a, we obtain a;' + y^ = a* which is the equation 
to a circle ; so that the circle may be considered a particular 
case of the ellipse. If in the equation to the hyperbola 
aV — Va? = — ab^ we suppose J = a we have y* — i* = — a*. 
We thus obtain an hyperbola which is called the equilateral 
hyperbola ifrom the equality of the axes. Since the angle 

between the asymptotes, which = 2 tan"* - , becomes a right 

angle when b = a, the equilateral hyperbola is also called the 
rectangular hyperbola. 

The peculiar properties of the rectangular hyperbola can 
be deduced from those of the ordinary hyperbola by making 
b = a. 

Thus since F = a* (e^ — 1) we have 6* — 1 = 1, .*. e = V2. 
The equation to the tangent is (Art. 221) 

yj/ — XX = — a*. 
From Art. 227 PG = FG' = ^{rr'). 
The equation to the conjugate hyperbola is, by Art. 242, 

y^ — a? = — a^. 

Thus the conjugate hyperbola is the same curve as the 
original hyperbola, though differently situated. 

By Art. 248, GP= CD, and, by Art. 259, CP and CI) are 
equally inclined to the asymptotes. 
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EXAMPLES. 

1. The radius of a circle which touches an hyperbola and 
its asymptotes is equal to that part of the latus rectum which 
is intercepted between the curve and asymptote. 

2. A line drawn through one of the vertices of an hyper- 
iDola and terminated by two lines drawn through the other 
vertex parallel to the asymptotes will be bisected at the other 
point where it cuts the hyperbola. 

3. If a straight line be drawn from the focus of an hyper- 
lK)la the part intercepted between the curve and the asymptote 

= -: : — Ti where 6 and a are the angles made respectively 

sma + sm^ ^ r j 

l)y the straight line and asymptote with the axis. 

4. PQ is one of a series of chords inclined at a constant 
angle to the diameter AB of a circle, find the locus of the 
point of intersection of ^P, BQ, 

5. Pis a point in a branch of an hyperbola, P is a point 
in a branch of its conjugate, CP, CP^ being conjugate semi- 
diameters. If 8^ 8', be the interior foci of the two branches, 

Srove that the difference of 8P and 8'P is equal to the 
ifference oi AC and BC. 

6. If oj, y, be co-ordinates of any point of an hyperbola, 
shew that we may assume x = a sec 0, y=^b tan 0. 

7. A line is drawn parallel to the axis of y meeting the 

hyperbola -5 — ^ = 1> and its conjugate, in points P, Q ; shew 

that the normals at P and Q intersect each other on the axis 
of X. Shew also that the tangents at P and Q intersect on 
the curve whose equation is y* (a'y* — JV) = 46V. 

8. Tangents to an hyperbola are drawn from any point in 
one of the branches of the conjugate ; shew that the chord of 
contact will touch the other branch of the conjugate. 
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Find the equations to the radii from the centre to the 
points of contact of the two tangents, and if these radii are 
perpendicular to one another, shew that the co-ordinates of 
the point from which the tangents are drawn are 

9. Two lines are drawn through the focus of an ellipse 
including a constant angle ; tangents are drawn to the ellipse 
at the poiats where the lines meet the ellipse ; find the locus 
of the mtersection of the tangents. 

10. Under what limitation is the proposition in Example 
30 of Chapter x. true for the hyperbola? 



1 
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CHAPTER XIII. 



GENERAL EQUATION OF THE SECOND DEGREE. 



269. We shall now shew that every locus represented by 
an equation of the second degree is one of those which we 
have already discussed, that is, is one of the following ; a 
point, a straight line, two straight lines, a circle, a parabola, 
an ellipse, or an hyperbola. 

The general equation of the second degree may be written 

03? + hocy -{-cy^-^-dx + ey +/= ; 

we shall suppose the axes rectangular; if the axes were 
oblique we might transform the equation to one referred to 
rectangular axes, and as such a transformation cannot affect 
the degree of the equation (Art. 87), the transformed equa- 
tion wul still be of the form given above. 

K the curve passes through the origin j^= ; if the curve 
does not pass through the origin f is not = 0, we may there- 
fore divide by/and thus the equation will take the form 

afQ?-\'}/xy -^-cff-V dfx + e'y + 1 = 0. 

270. We shall first investigate the possibility of removing 
from the equation the terms involving the first powers of the 
variables. 

Transfer the origin of co-ordinates to the point (A, T^ by 
putting 

x = af-\-h, y^y' + l^i 
and substituting these values of x and y in the equation 

aa:^ + &cy + ^ + da; + ey4-/=0 (1); 
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thus we obtain 

ax'^'\'hx'y + cy'"+ (2aA + JA + ^ a;' + {2ch -k-bh-^e) y 

+/' = (2), 

where /' = aA' + hlik + cA' + rfA + ci +/. (3). 

Now, if possible, let such values be assigned to A and Tc as 
to make the coefficients of x and y vanish ; that is, let 

2aA + iAj + <? = 0, and 2ci + JA + 6 = 0; 
ry_ y 2cd —be y 2ae — bd 

It will therefore be possible to assign suitable values to h 
and k, provided V — Aac be not = 0. 

We shall see that the loci represented by the general equa- 
tion of the second degree may be separated into two classes, 
those which have a centre^ and those which in general have 
not a centre, and that in the former case b^ — 4ac is not zero, 
and in the latter case it is zero. We shall first consider the 
case in which 5* — 4ac is not zero, and consequently the values 
found above for h and k are finite. 

Equation (2) thus becomes 

ax'^+bxy' + cy'^+f = (4). 

Now if (4) is satisfied by any values x^^y^, of the variables, 
it is also satisfied by the values — cc^, — yi- Hence the new 
origin of co-ordinates is the centre of the locus represented 

by (1). 

Thus if V — 4ac be not = 0, the locus represented by (1) 
h(i8 a centre^ and its co-ordinates are h and i, the values of 
which are given above. 

The value of /' may be found by substituting the values of 
h and k in (3) ; the process may be facilitated thus ; we have 

2aA + JA: + £?=0, 

2cA -f JA + e = 0. 
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Multiply the first of these equations by A, and the second 
by k^ and add ; thus 

2aA' + 2c*' 4- 2iM + rfA + eA = 0, 

or ^f-dh-ek-^f^Q', 

, ^/ _ ^ . dh-^ek 
••/ -/■♦- 2 

_ J, ccP -i-ae^ — bed 

We shall retain/' for shortness. 

271. We may suppress the accents on the variables in (4) 
of the preceding article and write it 

aa;' + Jajy + cy'4-/' = (5). 

This equation we shall further simplify by changing the 
directions of the axes. (Art. 81.) 

Put a; = a?' cos ^ — y' sin 0, 

y = x'am0-\- y' cos ^, 
and substitute in (5) ; thus 
x^ (a cos'^ + c sin'^ + J sin ^ cos 6) 

+ y^ (a sin'5 + c cos^^O — J sin ^ cos 0) 
+ xy {2 (c - a) sin ^ cos 0)+b (cos»^ - sin' 5)} +/' = 0. . . (6). 

Equate the coefficient of xy to zero ; thus 

2 (c - a) sin 5 cos 5 + i (cos' - sin' 0) = 0, 
or (c — a) sin 20 + b cos 2^ = ; 

.-. tan2^ = — - (7). 

a — c 

Since can always be found so as to satisfy (7), the term 
involving xy can be removed from (6), and the equation 
becomes 
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a;" (a cos'^ + c sin'tf + J sin ^ cos 0) 

+ y " (a sin'5 4- c cos'd - J sin 5 cos 0) +/' = 0, 

or Ax'' + B7/"+f^0 (8), 

where -4 = ^ {a + c + (a - c) cos 25 + J sin 2^}, 

5= J {a + c - (a - c) cos 25 - J sin 20}. 

h 



Since tan 20 = 



cos 20 = 



and sin 25 = 



a^ c 

a — c 

h 



Hence ^ = J [a + c + \/{&* + (» - c)*}], 

We may suppress the accents on the variables in (8) and 
write it 

A ^ B ,_ 

(1) If -4, 5, and/' have the same sign the locus is impos- 
sible. 

(2) K A and B have the same sign and /' have the con- 
trary sign, the locus is an ellipse of which the semi-axes are 
respectively 

The locus is of course a circle if -4 = -B. 

(3) If A and B have diflferent signs the locus is an 
hyperbola. (Art. 211.) 

We have supposed in these three cases that /' is not = ; 
if y = 0, and A and B have the samA sign the locus is the 
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origin ; if y = 0, and A and B have different signs the locus 
consists of two straight lines representej'by 



-V(- 



A 



From the values of A and B we see that 



4 
4ac-J* 



Hence ^ and ^ have the same sign or different signs 
according as i^ — 4ac is negative or positive. 

272. Hence we have the following sununary of the results 
of the preceding articles of this chapter. The equation 

aa? + hxy + cy^ + dx + et/ +f= 

represents an ellipse if b^ — ^ac be negative^ subject to three 
exceptions in which it represents respectively a circle, a point, 
and an impossible locus. If J* — 4ac be positive the equation 
represents an hyperbola subject to one exception wlien it 
represents two intersecting straight lines. 

273. We may notice that the equation in Art. 271, 

b 



tan 2^ = 



a 



has an infinite number of solutions ; for if 2a be one value of 
20 which satisfies the equation, then if 2^ = 2a + nir where n 
is any integer, the equation will be satisfied. But these dif- 
ferent solutions will all give the same position for the axes. 

For the values of are comprised in the expression a + — , 

and by ascribing different values to w we obtain a series of angles 

each differing firom a by a multiple of - , and the only changes 

hat will arise from selecting different values of n are that the 
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axis of X in one case may occupy the ^sition of the axis of y 
in another and vice versa^ or tne positive and negative direc- 
tions of the axes may be interchanged. 

The radical in the value of cos 2d and of sin 20 in Art. 
271 may have either sign; but the sign must be the same in 

both in order that the relation tan 20 = may hold. 

a — c '' 

274. It appears from the former part of Art. 271, that by 
turning the axes through an angle the equation 

aa? -f hxy + cy* +f' = 
becomes 

ay+&vy+cy»-f/' = o, 

where 

a' = ^ {a + c + (a - c) cos 25 + 6 sin 20], 

b' = {c-a) sin 2(9 + J cos 25, 

c = ^ {a + c •- (a — c) cos 25 — 5 sin 25}. 

Hence a +c' = a + c; and 

*'* - 4a c = {{c - a) sin 25 + J cos 25}' 

- (a -f cY + [{a - c) cos 25 + i sin 25}* 

s= J' — 4ac. 

Thus the expression J* — 4ac has the same value whether it 
be formed from the coefficients of the general equation of the 
second degree before or after the axes have been shifted. 

275. We have next to consider the case in which 

J"-4ac = 0. 

We cannot now as in Art. 270 remove the terms involving 
the simple power of the variables from the general equation, 
but we can still simplify the equation as in Art. 271, by 
changing the direction of the axes. 
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Let the equation be 

aa^ + Jajy + cy*H-da;4-ey+/=0 (1) ; 

put x = x' cos — y sin 0, 

y — x sin ^ + y ' cos d, 
then (1) becomes 
x^ {a coa^0 + c sin'^4- J sin^ cos0) 

4- y'^ (a sin* 0+c cos' — b 8in0 cos 0) 
+ xy {2 (c - a) sin 0co80 + b (cos* - sin* 0)} 

+ X {d cos ^ + 6 sin 0) +y {e cos ^ -£?sin 0) +/=0 (2). 

h 



Now let tan 20 = 



a — c 



then the coefficient of xy in (2) vanishes, and as in Art. 
271 the coefficients of a?" and y'* are 

i[a + c±V{(a-c)* + J*}]. 

One of these coeflBicients must therefore vanish since their 

product is — - — , which, by hypothesis, = ; suppose the 

coefficient of a;'* = 0, thus by suppressing accents on the 
variables, (2) may be written 

(y-|-2>a? + %+/=0 (3). 

If 1? be not = 0, this may be written 

and thus the locus is a parabola. (Art. 125.) 

If jD = then (3) represents two parallel straight lines, 
or one straight line, or an impossible locus, according as 
E* is greater, equal to, or less than 40/! 

276. Hence if V — 4ac = the equation 

oof + hxy + ct^ + dx + ey +/= 
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represents a parabola subject to three exceptions, in which 
it represents resnectively two paraUel straight lines, one 
straight line, and an impossible locus. 

By combining this result with those enumerated in Art. 
272, we have a complete account of the general equation of 
the second degree. 

277. We have shewn in Art. 270, that when ft* — 4ac is 
not == 0, the general equation of the second degree represents 
a central curve ; we shall now prove that when J* — 4ac =0 
the curve has not a centre except when the locus consists of 
two parallel straight lines. 

If a curve of the second degree have the origin of co-ordinates 
for its centre^ no term involving the first power of the variables 
can exist in the equation. 

For if possible suppose that the origin of co-ordinates is 
the centre of the curve 

aaj' + &cy + (^-+-^ + ey+/=0 (1), 

and let a;^, y^, be the co-ordinates of a point on the curve and 
therefore — a?j, — y^ co-ordinates of another point on the curve; 
substitute successively in (1), then 

therefore, by subtraction, 

2(^i + eyJ=0 (2). 

Now imless d and e both vanish, (2) can only be true when 
(a?j, yj lies on the line 

(£2; + «y = 0. 

But the centre of a curve is a point which bisects every 
chord passing through it; hence the origin of co-ordinates 
cannot be the centre of the curve (1) unless both d and e 
vanish. 
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278. If then we have an equation 

aaj'+ Jicy + cy' + ^ + ey +/=0 (1), 

in which V — 4ac = 0, and d and e are not both zero, we 
conclude that the curve has no centre ; for if it had a centre 
and we took that centre as the origin of co-ordinates, the 
terms involving the first power of x and y would vanish; 
but we know firom Art. 270 that since V — 4ac = 0, we cannot 
by changing the origin destroy these terms, and we know 
firom Art. 274, that we cannot alter the value of J* — 4(kj by 
changing the direction of the axes. 

If, however, d and e are both zero, (1) becomes 

aai'-fJajyH-C3^+/=0 (2), 

and thus, if the locus be possible, it is a central curve. 
If V — 4ac = 0, equation (2) may be written 



•••-g=V(-3- 



If f and a are of different signs the locus consists of two 

{)araliel straight lines ; if / and a are of the same sign the 
ocus is impossible, 

279. We shall now shew how to trace a curve of the 
second degree firom its equation without transformation of 
co-ordinates; the axes may be supposed oblique or rect- 
angular. 

Let the equation be 

aaj"4- Ja?y + cy' + cfej + €y-!-/= (1). 

Solve the equation with respect to y ; thus 

15 
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= a«^ + /9±{^^^(a^ + 2j>aj + j)|* (^)' 

where « = -^' '^^"i' 

!• Suppose y — 4ac negative, and write — /* for — -t — •'; 
thus (3) becomes 

y=:ax + i8 + {-/iA(a:"+2px + j)}* (4). 

Now a? + 2jpa; + j = (a? +^)* + j — ^' ; 

if then j — o' be positive, the quantity under the radical is 
negative and the locus impossible ; 

if q — jp* = 0, the locus is the point determined by 
if q —J?* be negative, we may put 

= (aj — 7)(aj — 8) suppose; 

and thus (4) may be written 

y = ar + /8 + {-/i(a?-7)(a:-8)}* \...{b). 

Since {x — 7) (a? — S) is positive, except when x lies be- 
tween 7 and S, the values of y in (5) are real only so long as 
X lies between 7 and S. Moreover y is always finite, and 
thus the curve represented by (5) is umited in every direc- 
tion. 

Since we know from our previous investigations that (5) 
must represent one of the curves enumerated in Art. 269, it 
follows that it must represent an ellipse. 
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From the form of equation (5) we see that the chords 
parallel to the axis of y are bisected by the line 

y = aa; + i8 (6). 

For let there be two points on the curve (5) having the 
common abscissa a;^ and the ordinates y\ y'\ respectively ; 
and let y^ be the corresponding ordinate of (6), 

then ^1 = aa?i + jS, 

y=ar, + ^ + {-/^(aj,-7)(x,-S)}*, 

Thus, y, = i(y+y"); 

and therefore the point (ajj, yj lies midway between the 
points (»„ y) and (x^, y"). 




In the figure DCJy represents the line y^ax + /3; the 
abscissas of 2>' and i) are 7 and B respectively ; supposing 
S greater than 7. The centre G is midway between />' and 
B; its abscissa is therefore ^(7+8). The equation to the 

15—2 
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curve will give the ordinates of i)*, i>, 0\ G. Since €rO' ia 
parallel to the chords which IfD bisects, BB' and GG' are 
conjugate diameters. GG' is a known quantity since the 
ordinates of G and G' are known. BI/ is also a known 
quantity since the abscissae and ordinates of 2> and 1/ are 
known. The angle between GG and JDiy is known from 
the equation to 1)1^; the axes of the ellipse may thfeie- 
fore be found, (Arts. 193, 195.) 

IL Suppose S" — 4ac positive; put /a for — j-^ — ; thus 
equation (3) becomes 

j/ = ax + l3± {/Lt(aj^ + «pir + g')}* (7), 

Now a? + 2px + J =? (a? + j?)' + q ^jp* ; 

if then q —p* be positive, the quantity under the radical is 
always positive, vmatever positive or negative value be as- 
signed to fic The curve therefore extends to infinity. Also 
it may be shewn as before, that the line 

is a diameter of the curve; but it never meets the curve, 
because the quantity a?'{'2px-\-q or {x-i-jpY + q—p* can- 
not vanish. Hence the curve consists of two unconnected 
branches extending to infinity, and is therefore an hyper- 
bola. 

If q —p* = 0, (7) becomes 

y = cue + )8 ± VA^(a?+i?)* 

The locus now consists of two intersecting lines. 

If q — ^' be negative we may as before write (7) in the 
form 

y = our +i8 ± {/A (05 — 7) (a; - S)f . 

Hence x may have any value, positive or negative, except 
those between 7 and S; hence the curve consists of two 
unconnected branches extending to infinity, and is therefore 
an hyperbola. 

We shall be assisted in drawing any example of this case 
by ascertaining the position of the asymptotes. 



r 
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The equation to the curve is 

Expand by the Binomial theorem; thus 

= aa? + /8 ± Vm i'^+jp) + &c. 

The terms included in the &c. involve negative powers of 
a?, and may therefore be made as small as we please by suf- 
ficiently increasing x ; hence from the nature of an asymptote 
the required equations to the asymptotes are 

y = Ota? + /8 + Vm (aJ +i>), 

and y = aa; + /S — V/*(^+i?)* 

Hence we can draw the asymptotes, and therefore the axes, 
for they bisect the angles between the asymptotes. The 
intersection of the asymptotes is the centre, and thus the 
situation and form of the hyperbola are known. 

III. Suppose J' — 4ao = 0, then (2) becomes 

which may be written 

where 

"^ = "2^' ^ = "2^' 
y = 2 {be - 2crf), j' = 6* - 4c/. 

If p' be positive^ the expression under the radical is 
positive or negative, according as x is algebraically greater 
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or less than — ^, ; if ^' be negative, the statement must be 

reversed. In both cases the curve extends to infinity in one 
direction only and is therefore 2k parabola. 

The line ^ = okt + /9 is a diameter, bisecting all ordinates 
parallel to the axis of y, and meeting the parabola at the 

point for which a; = — i-, . 

P 

If jp' = 0, the equation becomes 

this equation represents two parallel straight lines if ^' is 

!)08itive, and one straight line if j' = ; if j' is negative, the 
ocus is impossible. 

We might of course solve the original equation (1) with 
respect to x, and then proceed as we have done in the 
present article. 

280. We will recapitulate the results of the present 
chapter with respect to the locus of the equation 

aa? + bxy + cy* + db + ey +/= 0. 

I. If J' — 4ac be negative, the locus is an ellipse ad- 
mitting of the following varieties : 

(1) c = a, and — = cosine of the angle between the 

Zia 

axes; locus a circle, (Art. 104.) 

(2) (e* — 4</) (i* — 4ac) — (ie — 2cdy positive ; locus im- 
possible. 

(3) (e« - 4(/ ) (i» - 4ac) - {he - 2ody = ; locus a point. 
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II* If y — 4ac be positive, the locus is an hyperbola ad- 
mitting of one variety. 

(e' — 4c/*) (J* — 4ac) — ( Je — 2cdy = ; locus two intersecting 
straight lines. 

III. If J* — 4:00 = 0, the locus is a parabola admitting of 
the following varieties: 

(1) Je — 2cd = 0, and e* — 4c/ positive ; locus two parallel 
straight Unes. 

(2) be — 2aZ= 0, and e* — 4c/^= ; locus one straight line. 

(3) ic — 2crf=0, and e* — 4cf negative; locus impossible. 



EXAMPLES. 

1. Find the centre of the curve 

a? — 4a?y + 4^* — 2ax + 4ay = 0. 

2. Find the centre of the ellipse 

3. What is represented by aa? + 2bay + cy*= 1, when 

4. Find the locus of the centre of a circle inscribed in a 
sector of a given circle, one of the bounding radii of the 
sector remaining fixed. 

5. In the side AB of a triangle ABG, any point P is 
taken, and PQ is drawn perpendicular to -4C; find the 
locus of the point of intersection of the straight lines BQ, 
CP. 

6. DE is any chord parallel to the major axis AA of 
an ellipse whose centre is 0\ and -42), CE^ intersect in P; 
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shew that the locus of P is an hyperbola, and find the 
direction of its asymptotes. 

7. Tangents to two concentric ellipses, the directions of 
whose axes coincide, are drawn from a point P, and the 
chords of contact intersect in ^ ; if the point P always lies 
on a straight line, shew that the locus of Q will be an 
hyperbola. 

8. What form does the result in the preceding example 
take when two of the axes whose directions are coincident 
are equal? 

9. Prove that an hyperbola may be described by the 
intersection of two straight lines which move parallel to 
themselves while the product of their distances from a fixed 
point remains constant. 

10. Tangents to a parabola include an angle a ; shew that 
the locus of the point of intersection is an hyperbola whose 
excentricity is sec a. 

11. Find the latus rectum of the parabola 

12. Shew that the product of the semi-axes of the ellipse 
/-4a:y + 5a^=2 is 2. 

13. Find the angle between the asymptotes of the hy- 
perbola x2/ = ba? + c. 

14. Find the equation to a parabola which touches the 
axis of a; at a distance a, and cuts the axis of ^ at distances 
^, /S', from the origin. 

15. If two points be taken in each of two rectangular 
axes, so as to satisfy the condition that a rectangular hyper- 
bola may pass through all the four, shew that the position of 
the hyperbola is indeterminate, and that its centre describes 
a circle which passes through the origin and bisects all the 
lines which join the points two and two. 
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16. Two lines of given lengths coincide with and move 
along two fixed axes in such a manner that a circle may 
always be drawn through their extremities ; find the locus of 
the centre of the circle, and shew that it is an equilateral 
hyperbola. 

17. A variable ellipse always touches a given ellipse, and 
has a common focus with it; find the locus of its other focus, 
(1) when the major axis is given, (2) when the minor axis is 
given. 

18. Draw the curve 

^ - hxjf + 6aj* — 1 4a; + 5y 4- 4 = 0. 

19. Draw the curve 

ai* + y* — 3(a; + y)-icy=0. 

20. Find the nature and position of the curve 

y* ~ Say + 25i»' + 6cy - 42ca? + 9c' = 0. 

21. The equation to a conic section being 

ao? -f- 2Ja?y + cy* = 1, 
shew that the equation to its axes is 

ay(a-c) = i(a;'-y^. 

22. The locus of the vertices of all similar triangles whose 
bases are parallel chords of a parabola will in general be 
another parabola ; but if any one of the triangles tcrax^i the 
parabola with its sides, the locus becomes a straight line. 

23. A series of circles pass through a given point 0, have 
their centres in a line OA^ and meet another Ime BG. Let 
M be the point in which one of the circles meets the line 
OA again, and let N be either of the points in which this 
circle meets BG. From Jf and N lines are drawn parallel to 
5(7 and OA respectively intersecting in P; shew that the 
locus of P is an hjrperbola which becomes a parabola when 
the two lines are at right angles. 
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24. With the angular points of a triangle ABC as cen- 
tres, and the sides as asymptotes, three hyperbolas are 
described, having -4', B\ C, as their vertices respectively; 
prove that if 

AA sin^ =55' sin f = CC sin-^, 

^ A A 

the intersections of each pair of hyperbolas lie on the axis of 
the third. 

25. Determine the locus of the middle points of the 
chords of the curve 

aa? + 2ia?y + cy* + 2eaj + 2/^ + 5^ = 0, 

which are parallel to the line a; sin — y cos 9 = 0; and 
hence find the position of the principal axes of the curve. 

26. If air* + 26a:!y-f cy* + 2aa; + 2c'y + rf = be the equa- 
tion to a parabola, the axis of the parabola will be given 
by the equation 
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CHAPTER XIV. 



MISCELLANEOUS PROPOSITIONS. 



281. We shall give in this chapter some miscellaneous 
propositions for the most part applicable to all the conic 
sections. 

To find the equation to a conic section, the origin and axes 
heing unrestricted in position. 

Let a, J, he the co-ordinates of the focus; and let the 
equation to the directrix be 

Ax + Bt/+ (7=0. 
The distance of any point (a?, y) from the focus is 

and the distance of the same point from the directrix is 

Ax + Bi/+ G 

^{A' + ff) • 

Let e be the excentridty of the conic section ; then if (a?, y) 
be a point on the curve we have, by definition, 

((,-.)■+ (j,-ini = ii^2 + |^ (1); 

...(«-„).+(,_»).. £M£+^:C)- p, 

We see from (1) that the distance of any point in a conic 
section from the focus can be expressed in terms of the first 
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powers of the co-ordinatea of that point whatever he the origin 
and axes. This is nsnallj expressed by saying iJie distance cf 
any point from the Jbcus is a linear fimction of the co-ordinates 
of the paint. 

282. It will be seen by examining the equations to the 
conic sectioiw giyen in the preceding chapters that any conic 
section may be represented by the equation 

The origin is a vertex of the curve and the axis of ar an 
axis of the curve ; m is the latus rectum ; in the parabola 
« = 0; « is negative in the ellipse and positive in the hyper- 
bola. In the circle m is the diameter of the circle, and 
n = — 1. 

283. To find the equation to the tangent at any point of a 
curve of the second degree. 

Let the equation to the curve be 

aa?'{'bay + c^ + dx + ey+f=0 (1), 

the axes being oblique or rectangular. 

Let jc', y', be the co-ordinates of the point, 

af% yf\ the co-ordinates of an adjacent point on the curve. 
The equation to the secant through these points is 

y-y=^^('«-a^) (2). 

Since (a?', yf) and {af^ yf') are on the curve, 
... a (ar"« - a:'») + J {^Y -^jf)^c {y"^ - y'') 
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or, (aj"-a^){a(aj'' + a?')+J2^'+rf} 

Hence (2) may be written 

Now in the limit a^^ = af and ^ = y ; hence the equation 
to the tangent at the point {af, yf) is 

^.^ 26^ + &y- + rf . . .. 

y ^"" Scy' + iaj' + e^ arj...^ \6). 

This equation may be simplified ; we have by reduction 
y (2cy' + &C+ e) + a;(2aaj' + J/ 4- ^ 

= /(2cy'-f- iaj' + e) + aj'(2aaj'+ Jy^^^ 
= 2(aa;"'+ Jajy + c^'*4- c?aj' + ey'+Z) -daf -ey" -2f', 
••• y(2cy' + 6aj' + e) + a?(2aa/+ Jy^^- rf) + d!zr+ €/+ 2/= 0, 

(4). 

\i f—O the curve passes through the origin, also the 
equation to the tangent at that point becomes 

d 

which we see does not involve the coefficients of a?^ y", or xy, 
in the equation to the curve. 

284. The equation to the normal at the point {af^ y') when 
the curve is expressed by equation (1) of the preceding article 
will be 
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285. It may be shewn as in Art. 183, that if from a point 
(A, k) two tangents be drawn to the curve expressea by 
equation (1) of Art. 283, the equation to the chord of can- 
tact is 

y{2ck + JA + e) + x{2ah + bk + d) +dh + ek + 2/= 0. 

286. All chords of a conic section which subtend a right 
angle at a given point of the cu/rve intersect in the normal at that 
point. 

Take the given point of the curve as the origin of a system 
of rectangular axes, and let the equation to the curve be 

aa^ + bay-^c^ + dx-i-ey^O (1). 

The axis of x meets the curve at the points found by 

making y = in the above equation, that is, at the points 

1 d 

aj = 0, and a5 = — . 
' a 

Similarly the axis of y meets the curve at the origin and 
also at the point, for which y = — • 

Hence the equation 

a e 
a c 

T-^?^'-* «• 

represents the chord joining the points of intersection of the 
axes and curve. 

Also the equation to the normal to the curve at the origin 
is by Art. 284, 

y=|* (3). 

Hence (2) and (3) meet in the point whose co-ordinates are 

— rf — e 

a + c ' a + c^ 
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and whose distance from the origm is therefore 

V(^' + ^ 

a + c 

Now change the directions of the axes preserving the same 
origin ; the equation (1) will then become 

aV* + h'x'y -f- c'y" + dx + e'y' = 0, 

Also it appears from Art. 275, that 

a' + c' = a + c, andrf'*4-6'* = ^+6'. 

Hence the normal at the origin will meet the new chord at 

the same distance from the origm as it met the original chord, 

.that is, will meet it in the same point. Since this is true 

whatever be the directions of the axes it follows that all the 

chords intersect in the same point. 

287. By comparing Arts. 154, 204, and 264, we see that the 
polar equation to any conic section, the focus being the pole, is 

I 
r = 



1 + 6 cos ^ ' 
where I = half the latus rectum. 

We shall use this in proving the following proposition. 

The semi-lakia rectwm of any conic section is an harmonic 
mean between the segments made by the focus of any foccd chard 
of that conic section. 

Let A8F^ 0, see fig. to Art. 159 ; 

I 



.-. /SP = 



1 + e cos 6 ' 
Suppose P8 produced to meet the curve again in P'; 

.-. 8P'= ^ 



I + e cos (tt -f ^) ' 
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1 1 _ 1 + « COS 1 — e COS 

_2 

which proves the proposition. 

288. The polar equation to the tangent to a conic section, 
the focus being the pole, is, (Art. 205) 

- = 6C0sd-f cos (a — d) (1) 

where a is the angular co-ordinate of the point of contact. 

Similarly the polar equation to the tangent at the point 
whose angular co-ordinate is /8, is, 

- = 6Cos5 + cos(/3-e) (2). 

At the point where tiiese tangents meet, we have 

cos (a — ^ = cos {fi — 0). 

Now we cannot have 
since a and )3 are hj supposition different ; we therefore take 

Thus the two tangents (1) and (2) meet at the point whose 

For example, suppose the conic section an ellipse ; let 
and let the tangents at Pand Q meet at T] 
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then A8T= ?^ 



.-. P8T=^—^^Q8T; 



that is, the two tangents drawn from any point to an ellipse 
svhtend equal angles at either focus. 

Similarly the two tangents drawn from any point to a para- 
bola subtend equal angles at the focus. 

With respect to the hyperbola we have to distinguish two 
cases. We have shewn in Art. 231, that from any point 
included between the asymptotes and the curve, two tangents 
can be drawn both meeting the same branch of the curve, but 
from any point included within the supplemental angles of 
the asymptotes two tangents can be drawn meeting different 
branches of the curve. 

If now the two tangents from a point meet the same branch 
of a hyperbola, it may be shewn as in the case of the ellipse, 
that they subtend equal angles at either focus. We will 
consider the case in which the tangents meet different 
branches. 

16 
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Let r be a point from which tangents 2!P, TQ, are drawn 
to different branches of an hyperbola. 

Let A8P==a\ and let the angle which Q8 produced 
through 8 makes with A8 be /8 ; then ^ is an angle greater 
than w, and A8Q = ^ — ir. 

Thus the equations to TP and TQ will be respectively 
- = e cos ^ + cos (a — ^, - = e cos ^ + cos (/8 — d). 

At the point T where they meet, we have 

cos (a — ^) = cos (fi — ff). 

We may therefore take = — ^ , that is, we have ^^ 
as the angle which I'jS^ produced makes with A8; thus 



A8T= w - 



2 



/. T8P=w- 



/3-a 



T8Q = 



/8-a 



.-. T8P+T8Q = ir; 
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that is, the angle which one tangent subtends at either focus 
is the supplement of the angle which the other tangent sub- 
tends at the same focus. 

289. We have given in Art. 120 the definitions of a pole 
and polar with respect to a given circle. The same definitions 
are used generally substituting conic section for circle. If then 
the equation to the curve be 

aa?-\-hxy + cy^ + dx + e}/ +f = 0, 

the equation to the polar of {of, y^) is (Art. 283) 

x{2aaf+by' + d) 4-y (2cy' + Ja/ + e) + db' + ey ' + 2/= 0. 

290. If one straight line pass through the pole of another 
straight line, the seccmd straight line toiU pass through the pole 
of the first straight line. 

Let (a/, y") be the pole of the first straight line, and 
therefore 

a;(2aaj' + J2^ + fZ) +y (2c3^ + &a:' + e) + e?a;' + e/+ 2/=0...{l) 
the equation to ike first straight line. 

Let {Qif% y) be the pole of the second straight line, and 
therefore 

x[2axf' + hy'''\-d)^y{2cjf'' + hxf' + e) 

+ (&'' + «y'' + 2/=0 (2), 

the equation to the second straight line. 

Since (1) passes through {pcf\ yf') we have 

a:''(2aa^+J2^ + tZ)+y"(2(2^+6aj' + e)+rfa^ + ey+2/=0, 

that is, 
a^(2aa^' + Jy'' + <i)+y(2cy'' + ia?'' + 6)+cfoj'' + e/' + 2/=0; 

hence (2) passes through (aj", y'). 

291. The intersection of two straight lines is the pole of the 
line which joins the poles of those lines. See Art. 122. 

16—2 
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QUADRILATEKAL IN A CONIC SECTION. 



292. If a qtuidriloiteral ABCD be inscribed in a conic 
section, of the three points E, F, G, each is the pole of the line 
joining the other two. 




Let E be the origin ; EA, ED, the directions of the axes of 
X and y ; and let the equation to the conic section be 

ax* + iajy + cy* + d!a? + 6y +/=0 (1). 

Also suppose 

EA^h, EB = h', 
ED = k, EC=Ji^. 

The equation to AC is t + t> = 1 



h ' k' 
5i>... 1+1 = 1, 

^i>...| + | = l, 

GJj ... T> "^ T> ^ 1 



(2). 
(3), 

(5). 



From (2) and (3) it follows that the equation 

represents some line passing through G. But from (4) and 
(5) it follows that (6) represents some line passing through F. 
Hence (6) must be the equation to FG. 
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Suppose in (1) that y = 0; then we have the quadratic 

aa? + dx +/= ; 
and the roots of this equation are h and h' ; hence 

A + A' = -^, AA' = ^; 
a a 

Similarly, - + _ = - 

Hence (6) becomes 

da; + cy + 2/= 0. 

But this, by Art. 289, is the equation to the polar of the 
origin ; therefore FG is the polar of U. Similarly EG is the 
polar of F. Hence, by Art. 291, G is the pole of JEF. 

293. To determme the form of the general equation to a 
conic section when the axes are tangents. 

Let aiB^+ Jajy + cy" + &;-[- 6y+/ = (1) 

"be the equation to the conic section. 

To find where the curve meets the axis of a?, put y = 
in the above equation; thus 

aa?-\-dx-\'f=0. 

If the axis of a? is a tangent to the curve it must meet the 
curve in only one point (see Art. 171) ; hence the roots of the 
above quadratic must be equal ; therefore 

rf' = 4a/. (2). 

Similarly that the axis of y may be a tangent to (1) we 
must have 

6' = 4c/ (3). 
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Substitute the values of a and c from (3) and (4), then (1) 
becomes 

cPa? '\' Adjx + eY + ^fy + Hfxy + 4/^ = 0, 
or, {dx + ey-\- 2/)' + (4i/- 2de) iry = 0, 

(d e y 2bf-de 



Put 



.2/-^ - 2/^ ■ V ' 2/« 

A--/P" l-^JlT ?¥zL^- 
2/"" ' 2/"*" ' 2/* ""^' 



thus we obtain for the required equation 



(| + |-l)V^ = 0. 



By putting successively x and y = 0, we see that h is the 

distance from the origin to the point where the curve meets 

the axis of a;, and h is the distance from the origin to the 
point where the curve meets the axis of y. 

If it be required to determine a conic section which touches 
two given straight lines in given points, and also passes 
through another given point, we may assume the last written 
equation to represent it so that the lines to be touched are 
taken as the axes of x and y ; then by putting the co-ordi- 
nates of the additional given point in the equation we find a 
single value for /a. Thus there is only one conic section 
satisfying the data. 

294. Suppose the equation 

(1+1-0*+'*^=' ('^ 

to represent a parabola. Then, by Art. 280, 

s 



/2 Y_ 4 



.-. /* = 0, orAt = -;^. 
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If /i = 0, (1) becomes 

this equation represents the straight line joining the points of 
contact of (1) with the axes. 

If /i = — TT J we have from (1), 



hh 



•■•M-'=tV(i)' 






We may write this • 

^Jh^|l=^ («)' 

remembering that the radicals may be positive or negative. 
Thus (3) is the equation to a parabola referred to two tan- 
gents as axes. 

295. We may notice the form of the equation to the tan- 
gent to the parabola, 

■ yiVi-' (•)• 

. The equation to the secant through (a?', y) and (a;", y") is 
Since (a?', y') and (a?", y") are on the parabola, we have 
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. Va;"-Va!' _ Vy"-Vy . 

and r-jf ^ H'-H ir±H_^_'ik •Jy"-^^y' 

af'-xf Va^' - Va^ ' ViB" + Va^ V* ' Va5"+ V«' * 
Hence the equation to the secant may be written 

Hence we have for the equation to the tangent at {of, jf^ 
• VC^-) ^ V{Aa^) 'JiW) -Jil^ 



Similar Curves. 

296. Def. Two curves are said to be similar and ^»w- 
farZy situated when a radius vector drawn from some fixed 
point in any direction to the first curve hears a constant ratio 
to the radius vector drawn from some fixed point in a parallel 
direction to the second curve. 

Two curves are said to be similar when a radius vector 
drawn from some fixed point in any direction to the first 
curve bears a constant ratio to the radius vector drawn from 
some fixed point to the second curve in a direction inclined at 
a constant angle to the former. 

The two fixed points are called centres of similarify. 

297. If two curves are similar, so that a pair of centres of 
similarity exists, then an infinite number oi pairs of centres 
of similarity can be found. 
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For, suppose 0, 0\ to denote one pair of centres of stmt" 
larity; ana let OP, OQ, be radii vectores of the first curve, 
and O'P', 0'Q\ the corresponding radii vectores of the second 
curve, so that the angle POQ = the angle POQ'y and 

OP OQ 



OP OQ' 

Suppose any point 8 taken and joined to ; then make 
the angle POS — the angle PO/S, the angles being measured 
in the same direction, and take 0'8' so that 

a 8' OF 
08" OP' 

then 8 and 8' shall be centres of similarity. 

For join 8P, 8Q, 8'P, 8'Q'; then the triangles 80P, 
8'0'P, are similar; and so also are the triangles 80 Q, 
8'0'Q'. Hence it easily follows that 

the angle Q8P= Q'8'P; 

and ^^M.. 

8'P''8'Q'' 

and thus the proposition is established. 

298. All parabolas are similar curves. 

Let 4a be the latus rectum of a parabola, and Am the latus 
rectum of a second parabola. The polar equations of these 
curves, the foci being the respective poles, are 

_ 2a 
^^l+cos^' 

,_ 2a 
"■"l + cos^" 

Hence, if 5 = ^', we have 

r ^a 
?''a'' 

Thus any two parabolas are similar, and the foci are centres 
of similarity. 
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299. To find the conditions that must hold that the 
curves 

oa:^ + Jay 4- c^ + die H- cy +/ = (1), 

aV+J'a3^ + cy+d'a; + e'y+/' = (2), 

may be similar and similarly situated. 

Suppose (A, k)y {h\ k'), the respective centres of similitude; 
for X and y in (1) put 

A + r cos 0, and A: -f- ^ sin tf 

respectively ; we shall thus obtain a quadratic in r which 
may be written 

iy + Mr + N==0 (3). 

For X and y in (2) put 

hf+r' CO&0 and A' + 7^ sin 5 

respectively; we shall thus obtain a quadratic in t^ which 
may be written 

LV'+MV + N'=0 (4). 

Now that the curves may be similar and similarly situated, 
we must always have r = Xr, where X is some constant quan* 
tity; thus (4) becomes 

VLy + XM'r + N'^O (5). 

Since (3) or (5) will give the value of r, these equations 
must be identical; thus 

Since neither N nor N' involves 0, we deduce as a neces- 
sary condition that y, must be constant whatever may be. 
Put for L and L' their values ; then 

a cos' + b &m0 cos + c sin* ^ ^ , . 

-J o/t , I, ' — B 3"^ — ; . o /i = a constant =usay...(7) ; 

a cos' + b sm ^ cos + c sm* r- j \ j y 

.*. (a - fia) cos* ^ + (J — fiib') sin 5 cos ^ + (c — iic) sin* = 0- 



CONDITIONS OP SIMILAEITY. 251 

Since this is to be true whatever 6 may be, it follows that 

a h c , V 

a c 

Hence we have arrived at (8) as necessary conditions, in 
order that (1) and (2) may be similar. We have still to 
ascertain whether these are sufficient to ensure the similarity. 
The direct method would be to examine if A, Jc, h% hf, can be 
so chosen as to make (6) hold ; but the following method is 
more simple. The equations (1) and (2), by means of (8), 
may be written 

ttof-^hxy+ cj^+dx ■\- ey +/= 0, 

(iof'\-hxy-\-cjf'\-fi{dfX'\-€fy-\-f)=^ 0. 

I. Suppose J* — 4ac = ; then each curve is in general 
a parabola, and therefore the curves are similar. This con- 
clusion is subject to the exceptions that may arise when 
either locus instead of a parabola, becomes one or two straight 
lines, or impossible* See Art. 276. 



n. Suppose V — 4ac not = 0. We may then by changing 
e origin 
to the form 



the origin of co-ordinates for each curve reduce the equations 
fom 



aot? + hxy + cj^ +/i = 0, 
aa? + hxy + cj^ +^ = 0. 
By expressing these equations in polar co-ordinates, they 



give 



r = 



r^ = 



a cos* ^ + J sin ^ cos ^ -f c sin* ' 
a cos* B'+h sin ^ cos ^ 4- c sin* 6' * 



A* 

Thus, if ^ = ^, we have -; = constant. Hence the curves 

T 

are in general similar. This conclusion is subject to the 
exceptions that may arise when either locus instead of a curve 
becomes two straight lines, or a point, or impossible. 
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300. Next, suppose we require the curves (1) and (2) of 
Art. 299 to be similar without Oie limitatton of being similarly 
situaied. For x and y in (1) we put respectively 

A + rcostf, 4+ r sin 5. 

For X and y in (2) we put respectively 

A' + 7^ cos ((? + a), Icf'^-'/ sin (d + a), 

where a is some constant angle at present undetermined. 
Proceed as in the preceding article ; mstead of equation (7) 
we shall now have 

a cos' 5 + Jsin^costf + c sin' 
a' cos' (d + a) + J'sin (^ + a) cos (d + a) +& sin' (^-f a) 

= a constant = §l say. 

This may be written 

a cos' ^ + J sin ^ cos tf + c sin' 



A cos'^H- 5sin ^ cos ^ + Csin' 



= A*i 



where 



A=^ a' cos' a + c' sin' a 4- i' sin a cos a, 
J5 = 2 (</ — a') sin a cos a + V (cos' a — sin' a), 
C ^ of sin' a + c' cos' a — 6' sin a cos a. 
That the curves may be similar we must have 

a h c ' 
Hence each of these ratios must equal : 



ac {a-^-c) 



Hence, 
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AC _ ac 



But A-^-C-af + cf, and 

5* - 4^ C= J^- 4.af(f, (Art. 274) ; 

&^-4aV _ y-4ac 

•'• (a' + c^)'" (a + c)»- 

This relation must therefore hold, in order that the given 
curves may be similar. 

EXAMPLES. 

1. Straight lines are drawn through a fixed point ; shew 
that the locus of the middle points of the portions of them 
intercepted between two fixed straight lines is an hyperbola 
whose asymptotes are parallel to those fixed lines. 

2. Through any point P of an ellipse QPQ is drawn 
parallel to the axis major, and PQ and PQ each made equal 
to the focal distance bP^ find the loci of Q and Q'. 

3. In the given right lines -4P, A Q, are taken variable 
points p, q, such that Ajo : pP :: Qq : qA; prove that the 
locus of the point of intersection of Pq, Qp, is an ellipse which 
touches the given right lines in the points, P, Q. 

4. TP, TQ, are two tangents to a parabola, P, Q, being 
the points of contact; a third tangent cuts these in p, q^ 
respectively ; shew that 

TP'^TQ"^' 

5. TP, TQ, are eqtial tangents to a parabola, P, Q, being 
the points of contact; if PT, QT, be both cut by a third 
tangent, prove that their alternate segments will be equal. 
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6. From a point axe drawn two lines to touch a para- 
bola in the points P and Q ; another line touches the parabola 
in R and intersects OP, OQ^ m 8 and T; if Fbe the inter- 
section of the lines joining PT, Q8y crosswise, (?, -B, F, are 
in the same straight line. 

7. From an external point two tangents are drawn to an 
ellipse; shew that an ellipse similar and similarly situated 
will pass through the external point, the points of contact, 
and the centre of the given ellipse. 

8. A and B are two similar, similarly situated, and con- 
centric ellipses; (7 is a third ellipse similar to A and By its 
centre being on the circumference of P, and axes parallel to 
those of -4 or P; shew that the chord of intersection of A and 
G is parallel to the tangent to P at the centre of (7. 

9. Two ellipses of equal excentricity and whose major 
axes are parallel can only nave two points in common. Prove 
this and shew that if three such ellipses intersect two and two 
in the points, P and P, Q and Q^ R and P', respectively, the 
lines PiP, QQ\ RR'y meet in a point. 

10. If normals be drawn to an ellipse from a given point, 
the points where they cut the curve will lie on a rectangular 
hyperbola which passes through the given point and has its 
asymptotes parallel to the axes of the ellipse. 

11. With two conjugate diameters of an ellipse as asym- 
totes a pair of conjugate hyperbolas is constructed ; prove that 
if one hyperbola touch the ellipse the other will do so like- 
wise ; prove also that the diameters drawn through the points 
of contact are conjugate to each other. 

12. Having given the equation to a conic section 

oic* -f 2 Jay + y +/= 0, 

find the locus of the intersection of normals drawn at the 
extremities of each pair of ordinates to the same abscissa. 

13. Any two points P, Q, are taken in two fixed lines 
in one plane such that the line FQ is always parallel to a 
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;iven line ; P, Q, are severally joined with two fixed points 
T, £ ; find the loons of the intersection of FHj QR. 

14. The tangent at any point P of a circle meets the tan- 
gent at a fixed point A m T, and T is joined with B the 
extremity of the diameter passing through A ; shew that the 
locus of the point of intersection of AP^ BT, is an ellipse. 

15. The polar equation to a conic section from the focus 
being 

— c cos = b, 
r 

shew that the equation to a straight line which cuts it at the 
points for which ^ = a and /3 respectively, is 

— cco80 = ocoa\ff -^ sec — -^ . 



{'-'-¥) 



16. Chords are drawn in a conic section so as to subtend 
a constant an^le at the focus ; prove that the locus of the foot 
of the perpendicular dropped from the focus upon the chord is 
a circle, except in a particular case when it becomes a 
straight line. 

17. If 8P, 8Qy be focal distances of a conic section at 
right angles to each other ; shew that PQ touches a confocal 
conic. 

18. Having given two fixed points through which a conic 
section is to pass, and the directrix, find the locus of the 
corresponding focus. 

19. The focus and directrix of an ellipse are given; 
through the former a line is drawn making with the latter 
an angle whose sine is the excentricity of the ellipse. Find the 
locus of the points where this line meets the curve, the excen- 
tricity being variable. 

20. A series of conic sections is described having a com- 
mon focus and directrix, and in each curve a point is taken 
whose distance from the focus varies inversely as the latus 
rectum ; find the locus of these points. 
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21. Two conic sections have a common focus 8 through 
which any radius vector is drawn meeting the curves in P, Q, 
respectively. Prove that the locus of the point of intersection 
of the tangents at P, Q, is a straight line. 

Shew that this straight line passes through the intersection 
of the directrices of the conic sections, and that the sines of 
the angles which it makes with these lines are inversely pro- 
portional to the corresponding excentrities. 

22. A line is drawn cutting an ellipse in the points P, p ; 
let Q be either of the points in which the same line meets a 
similar, similarly situated, and concentric ellipse ; shew that if 
the line moves parallel to itself, PQ . Qp is constant. 

23. In two straight lines OX, OY, which intersect in 0, 
take OA = a, OB = b ; shew that the centres of all the conic 
sections which touch the liQCs in A and B lie on the straight 

line 

ay = bx, 

24. About two equal ellipses whose centres coincide, and 
whose major axes are inclined to each other at a given angle 
an ellipse is circumscribed ; if A and B be the semi-axes of 
the circumscribing ellipse, a and b the semi-axes of the equal 
ellipses, and 2a the inclination of their major axes, then will 

aV + A^ff = {A'b^ + B'a^) cos^a + (^V + P*J") sinV 

Hence shew that about the two equal ellipses a similar 
ellipse may be circumscribed. 

25. Two similar ellipses have a common centre and touch 
each other ; if n be the ratio of their linear magnitudes, m 
the ratio of the major to the minor axis in either, and a the 
inclination of their major axes, prove that 



1 

n 

n 
sma = — "Y 

m 

m 
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26. Two tangents (a, 5) to a parabola intersect in P at 
an angle o, and a circle is described between these tangents 
and the curve ; shew that the distance of its centre from P is 

ab 



{a + J) sec - -f 2 ^/{ab) tan - . 



27, K two chords at right angles be drawn through a 
fixed point to meet a curve of the second degree, shew that 



1 1 



+ 



Br • Er' 

is constant, where li and r are the segments of one chord made 
by the fixed point, and J?' and r^ those of the other. 

28. The equation to the locus of the foci of all parabolas 
whose chords of contact with axes inclined at an angle a cut 
off a constant area is 

r = k V{sin sin (a — 0)]. 

29. A parabola slides between two rectangular axes, 
find the curve traced out by the focus. 

30. The line joining any point with the intersection of the 
polar of that point with a directrix subtends a right angle at 
the corresponding focus. 

31. Successive circles are drawn each touching the preced- 
ing one externally and each having double contact with a 
given parabola; shew that their radii form an arithmetical 
progression whose common difference is the latus rectum. 

32. A system of ellipses is represented by the equation in 
rectangular co-ordinates 

(za? H- 2cxy + %' == w (a + b), 

where a, ft, c, are variable and w' constant; shew that every 
parallelogram jconstructed on a pair of perpendicular diameters 
as diagonals will circumscribe a certain fixed circle. 

17 
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33. If from anj point in the tangent to a conic section a 
perpendicular be dropped upon the line joining the focus and 
the point of contact, prove that the distance of the point in 
the tangent from the directrlK is to the distance of the foot of 
the perpendicular from the focus as 1 : e. 

34. Upon a given straight line as latus rectum, let any 
number of conic sections be drawn, and from the focus let 
two straight lines be drawn intersecting them all ; then the 
chords of all the intercepted arcs will, if produced, pass 
through a single point. 

35. The ratio of the sines of the angles made by a 
diameter of an hyperbola with the asymptotes is equal to the 
ratio of the sines of the angles mad^ by the conjugate 
diameter with the same asymptotes respectively. 

36. In any conic section if r and r^ be focal distances at 
right angles to each other, and I be half the latus rectum, 
then 



}-i)-^^"j) ^ ««"«*«"*• 



37. Two conic sections equal in every respect are placed 
with their axes at right angles and with a co^on fo^ 8; 
8P, 8Q, being radii vectores of the one and the other at right 
angles to each other, shew that the tangents at P and Q inter- 
sect in a straight line passing through the focus and equally 
inclined to the axes of the curves. 

If 8PQ were a straight line, then the locus would be a 
circle. 

38. 8 and S"are the foci of an ellipse, and round 8, H^ as 
focus and centre, another ellipse is described, having its minor 
axis equal to the latus rectum of the former. Through any 
point P in the first draw 8PQ to meet the second ; it is re- 
quired to find the locus of the intersection of HP and the 
ordinate QM. 

39. A and B are the centres of two equal circles ; APy 
BQ, radii of these circles at right angles, K AB^ = 2 AP", 
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the line PQ always passes through one of the points of inter- 
section of the circles. 

40. Tangents are drawn to a conic section at the points P, 
J?; another tangent is drawn at an intermediate point Qy and 
meets the other tangents in M^ N; shew that the angle M8N 
is half the angle P&B, 8 being a focus. 

41. In a parabola the angle between any two tangents is 
haK the angle subtended at the focus by the chord of contact. 

42. A triangle is formed by the intersections of three 
tangents to a parabola ; shew that the circle which circum- 
scribes this triangle passes through the focus. 

43. Given a focus and two tangents to a conic section, 
shew that the chord of contact passes through a fixed point. 

44. A circle is described upon the minor axis of an ellipse 
as diameter ; find the locus of the pole with respect to the 
ellipse of a tangent to the circle. 

45. In a parabola two focal chords P8p, Q8q, are drawn ; 
shew that a focal chord parallel to PQ wiU meet j>q produced 
on the tangent at the vertex. 



17—2 
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CHAPTER XV. 



ABRIDGED NOTATION. 



301. Through five points, no three of which are in one 
straight line, one come section and only one can be drawn. 

Let the axis of x pass through two of the five points, and 
the axis of y through two of the remaining three points. Let 
the distances of the first two points firom the origin be A^, A,, 
respectively, and those of the second two points fc^, A , re- 
spectively ; also let A, X;, be the co-ordinates of the remaining 
point. Suppose, (Art. 269), 

cKc' + Ja^y + cy^ + dir + ey + 1 = (1), 

to be the equation to a conic section passing through the five 
points. Since the curve passes through the points (A^, 0), 
(A„ 0), we have firom (1) 

aV+^*i+l = ^ (2), 

aA,^+rfA,+ l=0 (3). 

Similarly, since the curve passes through (0, A;J, (0, yfc^), 
we have 

cA;j*+ efe^ -f 1 = , (4), 

cA;,»+ei,+ 1 = (5). 

Lastly, since the curve passes through (A, A), we have 

oA' + JAA-f cA^ + rfA + eA4-l=0 (6). 

From (2) and (3) we find 

a = — d^ K^K 
AjAj AjA, 
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From (4) and (5) we find 



c = 



_ ^1 "i" ^a . 



iC^rC^ IC^^ 



then from (6) we can detennine the value of h. Since no 
three of the five given points are in the same straight line, 
none of the quantities Aj, A,, \^ k^^ A, h, can be zero ; hence 
the values of the coefficients a, J, c, rf, e, are all finite. If 
'we substitute these values in (1), we obtain the equation to a 
conic section passing through the five given points. As each 
of the quantities a, J, c, df, e, has only one value, only one 
conic section can be made to pass through the five given 
points. 

302. The investigation of the preceding article may still 
be applied when three of the given points are in one straight 
line ; the point (A, k) for instance may be supposed to lie on 
the line joming (0, k^ and (A^, 0) ; the conic section in this 
case cannot be an ellipse, parabola, or hyperbola, since these 
curves cannot be cut by a straight line in more than two 
points; the conic section must therefore reduce to two straight 
lines, namely the line joining the three points already spe- 
cified, and the line joining the other two points. If, however, 
four of the given points are in one straight line, the method 
of the preceding article is inapplicable ; it is obvious that 
more than one pair of straight hues can then be made to pass 
through the five points. 

303. We shall now give some useful forms of the equa- 
tions to conic sections passing through the angular points of a 
triangle or touching its sides. 

Let w = 0, v = 0, w = 0, be the equations to three straight 
lines which meet and form a triangle ; the equation 

Ivw + mvm + nuv =^ (i (1), 

where Z, m^ n, are constants, will represent a conic section 
described round the triangle ; also by giving suitable values 
to I, w, n, the above equation may be made to represent any 
conic section described round the triangle. This we proceea 
to prove. 
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I. The equation (1) is of the second degree in the variables 
X and y, which enter into the expressions u^v^w^ hence (I) 
must represent a conic section. 

II. The equation (1) is satisfied by the values of x and 
y, which make simultaneously t? = 0, «? = 0; the conic section 
therefore passes through the intersection of the lines repre- 
sented by v = and «? = 0. Similarly the conic section passes 
through the intersection of tr = and w = 0, and also through 
the intersection of w = and v = 0. Hence the conic section 
represented by (1) is described round the triangle formed 
by the intersection of the lines represented by w = 0, t; = 0, 

t<7 = 0, 

m. By giving suitable values to Z, m, n, the equation 
(I) will represent any conic section described rorand the tri- 
angle. For let 8 denote a given conic section described round 
the triangle; take two points on ;S neither of which is on a side 
of the given triangle ; suppose A^, A^, the co-ordinates of one 
of these points, and A,, 4^, those of the other. If we first 
substitute \ and k^ for x and y respectively in (1), and then 
substitute A, and A;,, we have two equations fi-om which we 

can find the values of y and y ; suppose -j —p and j = j. 

Substitute these values in (1), which becomes 

vw -^jmu^ quv = (2); 

this is therefore the equation to a conic section which has 
Jive points in common with 8, namely the three angular 
points of the triangle and the points (A^, kX (A^, kX The 
conic section (2) must therefore coincide witn 8 by Art. 301. 
Hence the assertion is proved. 

We might replace one of the constants in (1) by unity, 
but we retain the more symmetrical form; (1) may be 
written 

I m n ^ 

U V w 

304. Equation (1) of the preceding article may be written 

w {Iv + mu) -hnuv^O (1); 
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we will now determine where (1) meets the straight line 
represented by 

lv + mu=^0 (2). 

By combining (2) with (1) we deduce nuv = 0; therefore 
either w = 0, or t? = ; but by taking either of these suppo- 
sitions and making use of (2), we see that the other suppo- 
sition must also hold; hence the line (2) meets the curve (1) 
in only one point, namely, the point of intersection of w = 
and v = 0. 

Hence (2) is a tangent to (1) at this point. Similarly 
7nw + wv = is a tangent to (1) at the point of intersection of 
tr = and t? = 0, and nu + lw = (} is a tangent at the point of 
intersection of w = and t^ = 0. 

305. The demonstration of the preceding article is imper- 
fect, because we know from Arts. 132, 222, that a line parallel 
to the axis of a parabola or to either asymptote of an hyper- 
bola meets the curve in only one point, but is not a tangent 
at that point. The proposition may however be establisned 
in the following manner. Take the axis of x coincident with 
the line w = 0, so that u becomes ay where q is some con- 
stant ; also take the axis of y coincident with the line t? = 0, 
so that V becomes px where p is some constant. Suppose 
w = Ax -hBy+G. Then (1) of the preceding article be- 
comes 

{Ax + By + C) {Ipx + mqy) + npqxy = 0. 

By Art. 283 the equation to the tangent at the origin, that 
is, at the intersection of a; = and y == 0, is Ipx -j- mqy ^^ 0, or 
Iv 4- mu = ; which was to be proved. 

306. Let each of the three tangents iq Art. 304 be pro- 
duced to meet the opposite side of the triangle formed by the 
lines t^ = 0, v = 0, t£? = 0; then it may be shewn that the 
three points of intersection lie on the straight line 

I m n 

The lines joining the angular points of the triangle formed 
by the tangents with the angular points of the original 
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triangle respectively opposite to them, are represented by the 
equations 

L m m n n I 

307. Let u = 0, v = 0, t<? = 0, be the equations to three 
straight lines, then the equation 

Au^ + Bif+ Cw^ + 2A'vw + 2B'vm + 2G'uv = 

will generally represent any assigned conic section, if the 
constants A, B, G, A\ B\ C", are properly determined. 

For suppose we divide the equation by one of the constants 
as C, there are then five independent constants left. Now 
let 8 denote any assigned conic section ; take five points in 8 
and substitute the co-ordinates of the five points successively 
in the above equation ; we shall thus have five equations for 
determining the five constants. Suppose a, J, c, a', b\ these 
values, then the equation 

aw* + bv^ + CO? + 2a! vw + 2}/wu + 2uv = 

represents a conic section which has five points in common 
with /S, and which therefore coincides with 8. (Art. 301.) 

308. The method of the preceding article, although import- 
ant and instructive, is not satisfactory, because we have not 
proved that the five equations firom which the constants are to 
be determined are consistent and mde^pendeM. There may be 
exceptions to the theorem, and we therefore use the word 
generally in the enunciation. If the three straight lines meet 
in a point, then the curve denoted by the equation always 
passes through that point, and the equation in this case will 
not represent any assigned conic section. If the three straight 
lines are parallel, w, v, w, take the forms 

he + my + c, & + my + c', i» + my + cf% 

and the equation takes the form 

w (& + myY + Xa; + /w-^ + 7 = 0, 

which represents a parabola (Art* 280), and thus will not 
represent any assigned conic section. With these exceptions^ 
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however, the theorem is universally true, as we shall now 
shew by another demonstration. 

Since the lines are not all parallel two of them at least will 
meet ; suppose w = and v = to be these two, and take their 
directions for the axes of y and x respectively ; then w = 
becomes a? = 0, and t; = becomes y = ; also «? = may be 
written lx + my-{-c = 0. We have then to shew that the 
equation 

A3i? + Bt/^+ C{lx + my + c)*+ 2A'y {hc + my-^ c) 

2B'x {lx^-my-\- c) ^-^G'xy = (1) 

will represent any assigned conic section by properly deter- 
mining the constants A, B, &c. Suppose 

aa?+ibxy + cy^ + 2(& + 2ey +f= (2) 

to be the equation to the assigned conic section. Arrange the 
terms in (1) and equate the coeflBicients of the corresponding 
terms in (1) and (2) ; thus 

Cc^^f, A'c+Cmc=^ e, Be +Clc==d, 
B+Cm^ + 2Am = c, Glm + A'l + Bm-^ C = b, 

A+ Cl^ + 2B'l = a. 

These equations determine successively (7, A\ B\ B, C, A. 
As the given lines do not meet in a point c is not zero ; hence 
the values found for G, A', &c. are all finite and determinate. 
ThuLS (1) coincides with (2), and the required theorem is 
proved. 

309. To express the equation to a conic section which touches 
the sides of a triangle. 

Let w = 0, t) = 0, w=0, be the equations to the sides of a 
triangle ; then any conic section may be represented by the 
equation 

Au^ + B^^ Cv^+2A'vw + 2B'fm + 20W =0 (1). 

To find where this conic section meets the line w = 0, we 
must put w = ; thus (1) becomes 

Bv^+Cw''-h2A'vw=;0 (2), 



266 CONIC SECTION TOUCHING 

Now from (2) we obtain by solution two values of — , say 

— = /ij, and — =/ij. The equation v = ^juo represents some 

straight line passing through the intersection of «? = 0, and 
tt? = 0. Hence since (1) is satisfied by those values of x and 
y which make simultaneously w = and v — fi^uo = 0, the inter- 
section of the lines u = and v — fi^w = 0, is a point on (1). 
Similarly the intersection of « = and v — fi^tjo = 0, is a point 
on (1). Hence the line t* = will meet (1) in two points, and 
therefore will not be a tangent to it, unless the lines 

V — fjLjW = 0, and v — fM^w = 0, 

coincide. Hence that w = may Umch (1) we must have 
/^i=/^8> and therefore A'^ = BG. 

Similarly that t? = may touch (1) we must have -B'*= GA ; 
and that tt? = may touch (1) we must have C'^ = AB, 
From these three relations we see that A, B, and G must have 
the same sign, because the product of each two is positive. 
Also the sign of ^, £, and G may be supposed positive, because 
if each of them were negative we could change the sign of 
every term in (1), and thus make the coeflScients of t**, t^, 
and w^ positive. We may therefore put 

A = r, B=m\ G^7^\ 
thus 

A-± mn, B'=± nl, <7' = + Im. 

Hence (1) becomes 
l^y^+rn^'i? + wW ± 2mnvw ± 2nlwu ± 2lmuv = (3). 

We shall now examine the ambiguity of signs that appears 
in this expression. 

I. Suppose all the upper signs to be taken. The equa- 
tion may then be written 

{lu + wv 4- nwY = 0. 

This is the equation to a straight line, or rather to two 
coincident straight lines. 
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n. Suppose the lower sign to be taken twice and the 
upper sign once ; we have then three cases 

{lu + mv — nwY^O, or {lu — mv + nwY = 0^ 

or (— lu-^-mv-h nwY = 0. 

Elach equation represents two coincident straight lines. 

m. Since then the forms in I. and II. represent straight 
lines, we see by excluding these cases from (3), that if a curve 
of the second degree touch the straight lines 

t^ = 0, v = 0, w = 0, 
its equation must take one of the forms 

?t*' + wV + wW — 2mnvw — 2nlwu — 2lmuv = . . . (4) , 
Ptf + mV + n?vf — 2mnvw + 2nliim + 2lmuv = . . . (5) , 
Ptt' + ^V + wW + 2mnvw — 2nlwu + 2lmuv = ... (6), 
Pu^ + mV + n?tci^ + 2mnvw + 2nlum — 2lmuv = ... (7). 

These four forms may also be written 

^/{lu)+ A/{mv) + isJinw) =0 (8) from (4), 

V(-Zw)+ ^/[mv) + \/{nw) =0 (9) ... (5), 

V(?w)+V(-wv)+ 'sl{nw) =0 (10) ... (6), 

V(?^)+ V(wv) H-V(-wii?)=0 (11) ... (7), 

which may be verified by transposing and squaring, so as to 
put the equations in a rational form. 

310. It is easy to verify the proposition that the curve 
represented by the equation 

is/ijiu) + \/{mv) H- 's/{nw) = 

cannot cut the lines w = 0, t; = 0, t(? = 0. For suppose the 
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above equation satisfied by the co-ordinates of a point ; then 
these co-ordinates must make luy mv, and nw, aU positive^ or 
all neaaiive. Suppose hi is positive ; then for any point on 
the other side of t< = 0, the expression lu becomes negative, 
and thus the co-ordinates of such a point will not satisfy the 
equation unless both mv and nw are also negative. But if the 
curve cuts the line u = Q there will be points on both sides of 
w = lying on the curve, and it will be possible to change 
the sign of u without changing the signs or v and w. Hence 
the curve cannot cut the line t* = 0, Similarly it cannot cut 
the lines v = 0, w = 0. 

The same mode of proof will shew that the curves repre- 
sented by equations (9), (10), and (11), of the preceoing 
article cannot cut the lines u^O^ t; = 0, w=^0* 

311. The forms in equations (5), (6), and (7) of Art. 309 
may be derived from (4) by changing the sign of one of the 
constants. Thus, for example, (5) may be derived from (4) 
by changing the sign of I. In the following article we shall 
use (4) as the equation to a conic section touching the sides 
of a triangle ; it will be found that we might have used (5), 
(6), or (7). We shall see in a subsequent article, a case in 
which it is necessary to distinguish the forms. 

312. Equation (4) of Art. 309, may be written, 

{Jm ^ mvf -\- nw {nw — 2mv — 2lu) =0 (1). 

If we combine this with m> = 0, we deduce that 

lu-mv^O (2); 

hence we can interpret the last equation ; it represents a line 
passing through the intersection o{ u = and t? = 0, and also 
through the point where the line w = meets the curve (1). 
It may be shewn as in Art. 304, that 

nw-2mv''2lu = (3) 

represents the tangent to (1) at the other point where (2) meets it 
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Similarlj we can interpret 

mv — 1110 = (4), 

lu — 2nw — 2mv = (5) , 

nw — lu = (6), 

mv — 2lu— 2nw = (7). 

The intersection of (3) with w = 0, of (5) with w = 0, and 
of (7) with v = will lie on the line 

lu + mv H- nw = 0. 

The line lu + mv =0 passes through the intersection of 
u = and t; = 0, and also through the intersection of (3) 
and w = 0; hence its position is known. 

Similarly mv + nw = 0, and nw+lu = 0, can be inter- 
preted. 

313. To find ike eqttation to the circle described round a 
triangle. 

It will be convenient in this and the two following articles 
to use the form 

X cos a + y sin a —p = 

as the type of the equation to a straight line ; we shall there- 
fore put a, ^, 7, for u, v, w, respectively, (Art. 73). 

Let a = 0, /9 = 0, 7 = 0, be the equations to the sides of a 
triangle ; then, by Art. 303, 

ll3y + mrya + nafi = (1), 

will represent any conic section described round the triangle ; 
hence by giving proper values to I, m, n, this equation may 
be made to represent the circle which we know by geometry 
can be described round the triangle. We might proceed 
thus : in (1) write for a, /8, 7, the expressions whicn they 
represent, then equate the coefficient o{ ay ix) zero, and the 
coefficient of a:^ to that of y* ; we shall thus have two equa- 

tions for the determining •? and -j ; and with the values thus 
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obtained, (1) will represent the required circle. We leave 
this as an exercise for the student, and adopt another method. 
The equation to the tangent to (1) at the intersection of 
a = 0, and )8 = 0, is, hj Art. 304, 

JJ84-ma = (2). 

Let A, B, C, denote the angles of the triangle opposite the 
sides a = 0, /8 = 0, 7 = 0, respectively; by Euclia in. 32, 
the tangent denoted by (2) must make an angle A with the 
line a = 0, and an angle B with the line /3 = 0. Suppose the 
origin of co-ordinates within the triangle, then the equation 
to the line passing through the intersection of a = and 
/9 = 0, and making angles A and B respectively with these 
lines is 

asinJB+/8sin J:=0 (3). 

Thus (2) must coincide with (3) ; therefore 

I sin. A 



Similarly, 



m sin-B' 

m__sin-B 
n ""sin (7' 



Thus the equation to the circle described round the tri- 
angle is 

^<y sin -4 + 7a sin -B-f- 0^ sin C?= O. 

314. To find the equation to the circle inscribed in a 
triangle. 

Suppose the origin of co-ordinates within the triangle; 
then for all points on the circle a, /8, 7, are negative quanti- 
ties, (see Art. 54). Now the equation to the circle must be 
of one of the forms (8), (9), (10), (11), given in Art. 309 ; the 
first is the only form applicable, namely, 

V(fa)+V(m/3) + V(«7)=0 (1), 

which is equivalent to 

V(-Za) + V(-w/3) -h V(-W7) =0.... (2). 
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The other forms are inapplicable, becatise they would 
introduce impossible expressions. We have then to deter- 
mine the values of Z, m, and n. If we put a = in (1), we 

obtain — = — ; thus, — is the ratio of the perpendiculars 

drawn to the sides /8=:0, 7 = 0, respectively, from the point 
where the circle meets the line a = 0. Let r be the radius of 
the circle ; then we know from geometry that the perpendi- 
cular from this point on /8 = is 

r cot — sin G or 2r cos* — ; 

a similar expression holds for the perpendicular on 7 = 0. 
Hence 

cos* — 
n 2 



cos»- 






Similarly, -^. 



cos'- 



Hence the required equation is 

cos — Va + cos — Vi8 + cos •— V7 = 0. 

^ -o 2 ^ 

315. To find the equation to the circle which touches one 
side of a triangle and the other two sides produced. 

Let the circle be required to touch the side opposite to 
the angle A and the other two sides produced. Suppose 
the origin within the triangle ; then for all points comprised 
between the side a = and the other sides produced, a is 
positive and /3 and 7 are negative. Hence by Art. 309, the 
form of the equation to the circle must be 

V(- fe) + V(w/3) + sjinri) = 0. 
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Hence, as before, by considering the point where the circle 
meets the line a = 0, we have 

m aTr — B . ji^' 

co8'-^ sm'- 

and -= A = /y » 

cos' — g- sm' - 

Hence the required equation is 

cos y V (- a) + sui "2 V)9 + sin 2" ^'y "^ ^" 

Similarly the equations to the other two circles may be 
written down. 

316. The results in Arts. 306 and 312 which hold for 
any conic section, will of Qourse hold for a circle inscribed in, 
or described about, a triangle respectively. We have only 
to use the values of Z, m, w, found m Arts. 313 — 315. 

317. Let < = 0, t« = 0, t? = 0, w = 0, 

be the equations to four lines which form a quadrilateral ; 
then the equation 

tu + hvw = 0, 

where A; is a constant, represents a conic section circumscribing 
the quadrilateral. For the equation represents a conic section 
passSig through the fonr points determ£ied respectively by 

< = and v = 0, .^ = and t«? = 0, 

tt = and « = 0, w = and w = 0. 

Also by giving a suitable value to A;, the equation may be 
made to represent any conic section passing through these 
four points. 
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The above equation has the following geometrical interpre- 
tation. If any quadrilateral figure be inscribed in a conic 
section, the product of the perpendiculars drawn from any 
point of the curve on two opposite sides bears a constant ratio 
to the product of the perpendiculars on the other two sides. 

318. We shall next consider the equation 

uv H- Jew* = 0. 

This represents a conic section which passes through the point 
determined by u = and w = 0, and also through the point 
determined by v = and w = 0. Also each of the lines u = 
and # = touches the conic section where it meets it ; for if 
we combine w = with the above equation we see that z^ = 
also, that is, the line u = meets the curve in only one point, 
namely, that point in which w = and w = intersect. Simi- 
larly the line v = touches the curve. Thus w = and v = 
represent two tangents to the conic section, and w^O repre- 
sents the corresponding chord of contact. 

We may also shew in the following way that the line u = Q 
cannot cut the curve ; for points on one side of the line u = 0, 
the expression u is positive, and for points on the other side 
of the line, negative ; but kw* is of invariable sign; thus w = 
cannot cut the curve. 

The geometrical interpretation of the above equation is as 
follows. The product of the perpendiculars from any point of 
a conic section on a pair of tangents bears a constant ratio to 
the square of the perpendicular from the same point on the 
chord of contact. 

319. Next take the equation 

This may be written 

{nw + mv) {nw — mv) = Pw*. 

Hence by the preceding article 

ni^ + mv = and nw — mv^ 0, 

18 
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are tangents to the conic section represented by the equation, 
and w = is the equation to the corresponding chord of con- 
tact. Since these two tangents meet in the pomt of intersec- 
tion of V = and w = Oy it follows that this point is the pole 
of u = 0. 

Similarly we may write the equation in the form 

{nw + lu) {nw — lu) = mV, 

and infer that the point of intersection of w = and w = is 
the pole of V = 0. 

Hence it follows that the point of intersection of w = and 
w = 0, is the pole of i£? = 0. See Art. 291. 

320. The following is a particular case of the preceding 
article, 

a" + )3» = nV. (See Art. 73.) 

Suppose the lines a = 0, /8 = 0, at right angles ; then a* + )8* 
is the square of the distance of the point {x, y) from the inter- 
section of a = and )8 = 0. Hence the above equation repre- 
sents a conic section which has 7 = for its directrix, and the 
intersection of a = and )8 = for its focus. The lines 

Tiry — a = and wy + a = 0, 

are tangents to the conic section touching it at the extremities 
of the focal chord yS = ; also these tangents meet in the line 
7 = 0; hence, the tangents at the extremities of any focal chord 
meet in the corresponding directrix. Also the above tangents 
meet on the line a = 0, which by supposition is perpendicular 
to /8 = ; hence, the line which joins the focus to the intersection 
of tangents at the extremities of a focal chord is perpendiculaT 
to that focal chord. 

321. If M = and t; = be the equations to two conic 
sections which meet in four points, then t* 4- Arv = will repre- 
sent any conic section which passes through the four points of 
intersection. This will be obvious after the proofs given of 
similar propositions. 
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Also if w = and v/ = 0, he the equations to two straight 
lines, u + hmji/ = will represent any conic section passing 
through the four points in which the lines w = and v/ = 0, 
meet the conic section w = 0. 

Also u-^kw^=0 will represent a conic section passing 
through the points of intersection of the conic section w = 0, 
and the line w = 0. This conic section will have the same 
tangent as w = at the points where u = and w = inter- 
sect ; we might anticipate this would be the case from observ- 
ing the interpretation of the equation u + kiov/ = 0, and 
supposing the line w'=0 to approach the line w = 0, and 
ultimately to coincide with it. We may prove it strictly 
by taking one of the points where u = meets «? = for the 
origin, and the line w = for the axis of x ; thus u becomes 
of the form 

Aa? + Bxy+ 0\^ -\-Dx-\-Ey, 
and we can see, by Art. 283, that 

and Aiif + Bxy-\- Cy'^- Dx + Ey-\-hf = 0, 

have the same tangent at the origin. 

322. Let s == be the equation to a conic section, and 

14 = 0, V = 0, t(? = 0, 

equations to three straight lines ; then 

5-Pt4« = 0, 5-mV = 0, 5-nW = 0, 

represent curves of the second degree touching the proposed 
conic section. By properly choosing w, v, w, ?, w, n, we may 
make each of the last three equations represent a pair of 
straight lines touching « = 0. (See Art. 293.) Thus, if 
there be a hexagon circumscribed round the conic section 
5 = 0, the equations 

«-Pi4« = 0...(l), «-mV = 0...(2), «-nV = 0...(3), 

may be taken to represent the six sides of the hexagon. 

18—2 
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By combining (1) and (2) we obtain 

8 — Ptt' — (5 — wV) = 0, or {mv — lu) {mv + lu)= 0.-.(4), 

for the equation to a pair of lines which pass through the 
intersections of (1) and (2). 

Similarly, {nw — mv) {nw + mv) = (5), 

represents a pair of lines which pass through the intersection 

of (2) and (3). And 

(lu — nw) (lu + nw) =0 (6), 

represents a pair of lines which pass through the intersection 
of (3) and (1). 

The six lines which we have obtained may be arranged in 
four groups, each containing three lines which meet in a 
point, namely, 

mv — Zw = 0, nw — mv = 0, lu — nw = 0, 

mv H- Zi* = 0, nw + mv=^ 0, lu — nw = 0, 

mv + Zw = 0, nw -- mv = 0, Zm + nw = 0, 

mv — Zm = 0, nw + mv = 0, lu + nw = 0. 

This gives a proof of Brianchon's theorem, if a hexagon be 
described about a conic section the three diagonals which Join 
opposite angles meet in a point. 

323. PascaVs Theorem. The three intersections of the 
opposite sides of any hexagon inscribed in a conic section are in 
one straight line. 

Let r = 0, 8 = 0, < = 0, ^ = 0, v = 0, w = 0, 

be the equations to the sides of a hexagon which is inscribed 
in the conic section 8=0. Let the hexagon be divided by a 
new line ^ = into two quadrilaterals, one of which has for 
its sides the lines obtained by equating to zero successively, 
r, s, t, (j>, and the other the lines obtained by equating to zero 
successively, u, v, w, ^. Now we know that if a, 6, ly m, are 
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appropriate constants, the equation to the conic section may 
be TVTitten in the forms 

as(f> + brt = and lv<t) + muw =^ ; 

therefore as^ + hrt and lv<l> + muw must each be identical 
•with 8; therefore 

(i8<l> + brt = Iwf) + muw ; 

.'. {as — lv)<l> = muw — brt. 

This equation shews that tw — Zv = and ^ = 0, are the 
diagonals of the quadrilateral whose sides are found by equa- 
ting successively to zero, w, r, w, t. By construction, ^ = 
represents the Ime joining the point determined by r = and 
w = 0, with the point determined hj t = and u = 0; and 
thus we see that as—lv^O ia the line joining the intersection 
of w = and r = with that of ^ = and w = 0. But the line 
as — lv = obviously passes through the intersection of « = 
and v=0; therefore the three points determined respectively by 

u = and r = 0, t = and w = 0, « = and t? = 0, 

lie on a straight line. 



EXAMPLES. 

1. Shew that if a — c : a' — c' :: b : b% a circle may be 
described through the intersections of the two conic sec- 
tions 

aa? + bxy -^ ct^ + dx + ey +/ = 0, 

aV+ b'ay + c'y' + d'x + ^y +/' = 0. 

Eind also the condition that a parabola may be described 
passing through the origin and the points of intersection of 
these curves. 

2. Two conic sections have the same eccentricity, and 
their principal axes axe at right angles ; shew that a circle 
will pass through their points of intersection. 
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3. The equations to two conic sections are 

Ai^ + ^Bxy + (V + "lAx - 0, 
ay + 2Jicy + ca? + 2a'a; = 0. 

Shew that the lines joining ^the origin with their points of 
intersection will be perpendicular to each other if 

4. An ellipse is described so as always to touch the 
asymptotes of an hyperbola; shew that while the ellipse 
alters its position and magnitude, the two chords joining the 
points of mtersection of the ellipse and hyperbola are always 
parallel. 

5. If aP = <? be the equation to an hyperbola, (Art. 73), 
then a)8 = 0, a' — ^ = 0, a* — v?^ = 0, are the respective 
equations to the asymptotes, the axes, and a pair of conju- 
gate diameters, n being any constant. 

6. The straight lines which bisect the angles of a tri- 
angle, meet the opposite sides in the points P, Q, Ry respect- 
ively ; find the equation to an ellipse described so as to touch 
the sides of the triangle in these points. 

7. From any point two straight lines are drawn, one in- 
clined at an angle a, the other at an angle 5" + ^> *^ *^® *™fi 

£4 

of a parabola ; shew that another parabola may be described 
which shall pass through the four points of intersection, 
whose axis is inclined at an angle 2a to that of the given 
parabola. 

8. Prove that the equation to the conic section which 
passes through the point (A, 4), and touches the parabola 
y* = fa? at the vertex and at an extremity of the latus rec- 
tum, is 

(/ ~ Jr) (yfc - ihY = (y - 2a;)" qe - 1\). 

Shew that it is an ellipse or hyperbola according as the 
point (A, Ic) is within or without the parabola. 
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9. A conic section touches the sides of a triangle ABC in 
the points a, i, c; and the straight lines -4a, -Bi, Cc, intersect 
the conic in a, h\ c\ shew that 

(1) the lines Aa^ Bh, Cc, pass respectively through the 
intersections of Be and Ch\ Ca and Ac\ AV and Bd, 

(2) the intersections of the lines cih and dh\ he and Vc\ 
€Lc and dc, lie respectively in AB, BC, CA. 

10. A conic section is described round a triangle ABC; 
lines bisecting the angles of this triangle meet the conic in 
the points A', B', C, respectively ; express the equations to 
A'B,A'C,A'B'. 

11. If a conic section be described about any triangle, and 
the points where the lines bisecting the angles of the triangle 
meet the conic be joined, the intersection of the sides of the 
triangle so formed with the corresponding sides of the original 
triangle lie iq a straight line. 

12. Literpret the equation 



(: 
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how many parabolas can be drawn through four given 
points ? 

13. If w = 0, t? = 0, w = 0, represent the sides of a tri- 
angle, shew that the sides of any triangle which has one 
angle on each side of the former may be represented by 

ID U V 

u+nv-\ — = 0, --^v + lw = Oj mw + -7 + 1/? = 0, 
m n I 

where I, m, n, are constants. 

Find also the relation which must hold between I, m, n, in 
order that the lines joining corresponding angles of the two 
triangles may meet in a point. 

14. A circle and a rectangular hyperbola intersect in four 
points, and one of their common chords is a diameter of the 
hyperbola ; shew that another of them is a diameter of the 
circle. 
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15. A CA is the major axis of an ellipse, P any point in 
the circle described on the major axis, AP^ APy meet the 
ellipse VCL Qy Q' \ shew that the equation to QQ' \& 

(a* + y)ysm5 + 2J*ajcos^-2ai* = 0, 

the ellipse being referred to its axes, and 6 being the angle 
AGP. 

If an ordinate to P meet QQ' m B, the locus of jB is an 
ellipse. 

16. The locus of a point such that the sum of the squares 
of the perpendiculars drawn from it to the sides of a given 
triangle shall be constant, is an ellipse ; and if the constant 
be so chosen that the ellipse may touch the side opposite to 
the angle A in D, then 

CD : £D :: F : <?. 

17. With the notation of Art. 313, shew that the equation 
to the line through (7, and the centre of the circle is 

a cos J5 = )8cos A 

18. Suppose in Art. 313 that D is the middle point of the 
arc AB ; then the equations to BD and AD are respectively 

a sin (7+7 (sin J. -f sin 5) = 0, 

P sin (7 + 7 (sin^ + sin 5) = 0. 

19. In Art. 314, equation (4), if A\ B\ C, be the points 
of contact of the triangle and conic section, shew that the 
equation to AB' is 

lu + mv — nw =■ 0. 

20. In the figure of Art. 292, suppose w = the equation 
to AC, v = the equation to BD, and tx> = the equation to 
EF, and that 

?M' + mV-nV = 

represents a conic section going through A, B, C, D; then 
express the equations to the tangents at A, B, C, D, and also 
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to the lines AB, JBC, GZ>, DA. Shew also that the line EG 
passes through the intersection of the tangents at A and B, 
and of those at C and I). 

21. Find the condition that the line 

may toicch the conic section 

V(^^) + ^{^v) + »J{nw) = 0. 

22. Give a geometrical interpretation of equation (1) in 
Art. 304, and shew that it is a particular case of the theorem 
in Art. 317. 

23. Interpret the last equation in Art. 313 ; deduce the 
following theorem; if from any point of the circle which 
circumscribes a triangle, perpendiculars are drawn on the 
sides of the triangle, the feet of the perpendiculars lie in one 
straight line. 

24. If ellipses be inscribed in a triangle each with one 
focus in a fixed straight line, the locus of the other focus is 
a conic section passing through the angular points of the 
triangle. 
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CHAPTER XVI. 

SECTIONS OF A CONE. ANHARMONIC RATIO AND HARMONIC 

PENCIL. 

Sections of a cone. 

324. We shall now shew that the curves which are 
included under the name conic sections, can be obtained by 
the intersection of a right cone and a plane. 

Def. a cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle, which remains fixed. The fixed side is 
called the axis of the cone. 




Let OH be the fixed side, and OHC the right-angled 
triangle which revolves round OH, A section of the cone 
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made by a plane through 05^ and OC will meet the cone in a 
line OB, which is the position OC would occupy after re- 
volving half way round. Let a section of the cone be made 
by a plane perpendicular to the plane BOC; let ^Pbe the 
section, A being the point where the cutting plane meets 
OG; we have to fina the nature of this curve AP. Let a 

Slane pass through any point P of the curve, and be perpen- 
icular to the axis OH; this plane will obviously meet the 
cone in a circle BPE, having its diameter BE in the plane 
BOG, Let ilfPbe the line in which the plane of this circle 
meets the plane section we are considering, M being in the 
line BE. oince each of the planes which intersect in MP is 
perpendicular to the plane BOC, MP is perpendicular to that 
plane, and therefore to every line in that plane. 

Draw AF parallel to EB, and ML parallel to OB ; join 
AM. LetAM^x, MP=y, OA = c, HOC=a, OAM=0; 
the angle AML will be equal to the inclination of AM to OB, 
that is to TT — ^ — 2a. 

MB _ sin MAB _ sin g ^ 
' MA "" sin MBA ~" cos a ' 

,^rk ^ sin 

.*. MB = . 

cos a 

EM= FL = FA-AL = 2csma- AL; 

AL _ sin AML _ sin (tt — ff — 2a) 

AM'smALM" . /tt \ ' 

sm(^- + aj 

^ y _ g; sin (g + 2a) 
cos a 

TPujr « • 0? sin (^ + 2a) 

EM=^ 2c sm a ^^ . 

cos a 

But, from a property of the circle, MP^ = EM. MB ; 

,_^^n^f^ .^^ ajsin(^ + 2a)' 



— -^2csma — 



cos a cos a 



; 
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If we compare this eqnation with that in Art. 282, we see 
that the section is an ellipse, hyperbola, or parabola, accord- 
ing as 



sin 6 sin {0 + 2a) . 



cos* a 



IS negative, positive, or zero. 



that is, according as d + 2a is less than tt, greater than iTj or 
equal to tt. 

Hence if AMia parallel to OB the section is a parabola, 
if -4ilf produced through Jf meets OB the section is an ellipse, 
if ^Jf produced through -4 meets OB produced through O the 
section is an hyperbola. 

K c = the section is a point if ^ 4- 2a is less than 9r, two 
straight lines if d + 2a is greater than tt, and one straight line 
if tf + 2a = 7r. 



Anharmontc Batto and Harmonic Pencil, 

325. We will now give a short account of anharmonic 
ratios and harmonic pencils, which are often used in investi- 
gating and enunciating properties of the conic sections. 

Let there be four straight lines meeting in a point ; then if 
any straight line ADCB be drawn across the system, 

-Tri-r- 777v shall bc a constant ratio. 
AC DC 
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Suppose the point where the lines meet ; then 

AB miAOB 
AO'^ sin ABO' 

AG ainAOC 
AO^siaAGO' 

AB Bin AOB sin ACQ 
•*• ^C~8in^0a'8in^i^0' 

Q. ., , BB sin DOB sin DCO 
bimilaxly , ^ - sin2>0(7 ' im^RBO ' 

AB DB sin AOB sin BOB 
•'• AC ' BCsinAOC ' sinBOC 

Now suppose any other straight line A'B'C'B' drawn 
across the system, then since AOB and A' OB' are the same 
angle, and so on for the other angles, we have 

AB DBA'B' D'B' 
AG' BCA'C ' B'G" 

which proves the proposition. 

Similarly we can prove that each of the following is a 
constant ratio 

AB^^GB .AG^BG 
AB ' GB AB ' BD' 

326. Defs. Any four lines meeting in a point form a 
pencil. 

A, straight line drawn across a pencil is called a trans- 
versal, 

A ^ ^i. . . ^ ^B BB AB GB 

Any one of the constant ratios --r?v-j- -rr?vj -tt^-^tttt* 
•^ AG DG' AD GB' 

—rr=^ -~ =r=: is callcd ttH anhamiontc ratio of the pencil. 
AD ±>D ^ 

The pencil is called harmonic if AB.DG=AD.BG, that 
is, if the rectangle formed by the whole line {AB) and the 
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middle part (DC) is equal to the rectangle of the other two 
parts {AD), {BC). 

327. The harmonic pencil is so called because it divides 
any transversal harmonically. For since AB.DC= AD.BC, 

AB_BG 
AD'^DC 

that is, if we call AB, AG, AD, the first, second, and third 
quantities respectively, the first is to the third as the differ- 
ence of the first and second is to the difference of the second 
and third. 

When the pencil is harmonic one of the three constant 
ratios of the pencil is equal to unity. 

We shall sometimes select one of the anharmonic ratios of 
a pencil, and confine our attention to it, and shall then speak 
of the selected ratio as the anharmonic ratio of the pencil. 

328. Suppose OA, OB, 00, OD form an harmonic pencil; 
if we take any new origin 0\ and join O'A, OB, O'G, OD, 
these four lines form a new harmonic pencil ; for the trans- 
versal ABGD is cut harmonically. 

329. The anharmonic ratio of a pencil is not altered if the 
tranversal meet the lines of the pencils produced, instead of 
the lines themselves. 
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Suppose OA, OBf OC, OD, to be a pencil, and let a 
transversal A BCD meet three lines of the pencil, and the 
fonrth AO produced in A'. The angles AOB\ A OB are 
supplemental ; and so are A OD, A' Olf ; and so on. Hence 
any anharmonic ratio formed on ABGD is equal to the cor- 
responding ratio formed on A' BCD. 

330. Suppose AB.GD = AD.BC, so that OA, OB, 00, 
OD, form an narmonic pencil. By the last proposition 

A'B' C'B' _AB OB 
AD ' CD" AD ' CD'' ' 

,\ OA, OB', OC, OD, form an harmonic pencil. 

Similarly OC, OB', OA, and DO produced through 
will form an harmonic pencil. Thus from one harmonic 
pencil by producing the lines through the vertex, we can 
derive four other harmonic pencils. 

331. The lines whose equations are a = 0, ^ = 0, a— 4)8=0, 
a-f-A:/8 = form an harmonic pencil. 




Let OM be the line a = 0, 

ON )8 = 0, 

OP a-kfi 

OQ a + i/3 



0, 
0. 



288 HARMONIC PENCIL. 

Let a transyersal meet the pencil in mpnq ; then (Art. 72) 

Bin POM BinQOM 

amPON^^~'sm QON' 

sin POM sin QON 
•'• sinPOJV^'sin^OJf*"^ 

/. (as in Art. 325)^.^=1; 
^ ^ pn qm 

.'. pm.qn^pn.qm. 

The same result will follow if we draw the transversal in a 
diflferent position. The harmonic pencil is so formed that its 
outside lines are always one of the two a = and yS = 0, and 
one of the two a — k^ = and a + A^ = 0. 

332. The anharmonic ratio of the four lines a = 0, /8 = 0, 

k 
a-ii8 = 0, a-A;'y8 = 0, is -p. 

For as in the preceding article we have 

sin POM _ sin QOM , 

sinPOA^"" ' miQON^ ' 

383. Article 331 will also hold if the equations to the 
lines be w = 0, v = 0, « — iv = 0, and w + 4v = 0. For, by 
Art. 57, we have u = \a, v =/m^, where \ and fi are constant 
quantities; hence the equations u — kv = and u + kv = 
may be written Xa — kfi^ = and \a + kfifi = 0, or a — k'fi = 

and a + k'^ = where A;' = -~ . Hence the preceding article 

becomes immediately applicable. 

334. The four lines EB, EC, EG, EF, in Art. 76, form 
an harmonic pencil ; for their equations are 

w = 0, i^ = 0, Ztt — ni(? = 0, Ztt + WW = 0. 
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By symmetry FB^ FA, FG, FE, will also form an harmo- 
nic pencil. 

Also GD, OC, OF, GF, form an harmonic pencil, for their 
equations are respectively 

lu — - mv = 0, wv — nw = 0, lu — mv — {mv — nw) = 0, 

lu — mv + mv — nw = 0. 

336. A straight line drawn through the intersection of two 
tangents to a conic section is divided harmonically by the 
curve and the chord of contact. 

Refer the curve to the tangents as axes ; its equation will 
be of the form (Art. 293) 



(l+l-iy+,^=o (1). 



Suppose a straight line drawn through the origin, and let 
its equation be, (Art. 27) 

2 = 3^=r (2). 



I 



n 



Thus the distances from the origin of the points of inter- 
section of (1) and (2) will be the values of r found from the 
equation 

^"' U+I-rj+'*^'*=^ (^)- 

If T and r" be the roots of the equation, we have 

r r" \h k) ' 
Also the equation to the chord of contact is 

f+f-^=^ (*)• 

19 
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Hence for the distance (r^) of the point of inteiaection of 
(2) and (4), we have the equation 

X+T = ^' "'7=1 + % (^)- 

From (4) and (5) we have 

1=1+1 

— ^1^ ft 9 

rr r 

thus r, is an harmonic mean between / and r". 

o 




Since LMNO is divided harmonically, if from any point in 
AB we draw lines to -t, N^ and 0, these lines with AB form 
an harmonic pencil. A particular case is that in which the 
point in AB is the intersection of the tangents at N and X, 
which we know will meet on AB, (See Arts. 103, 186). 

336. Let A^ B^ (7, Z>, be four points on a conic section, 
and P any fifth point. Let a denote the perpendicular from 
P on AB, /8 the perpendicular from the same point on BG, 
7 on CDy S on BA. Then by Art. 317 we know that 
wherever P may be, 07 bears a constant ratio to fiB, Now 
AB.a — twice the area of the triangle PAB 

^PA.PB.sinAPB; 

PA.PB.smAPB 



a = 



AB 
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Similar values may be found for /8, 7, S. Thus 

. T3 ^^ 8in-4PJ8.8m GPD 

AB.GD 

bears a constant ratio to 

. ^ ^y. sm ^PC\ sm DPA ; 

sin APB. sin CPD . ^ x xi x • xi. -i j 

.•. -; — i^TvPr — - — ttttj is coustaut, that is, the pencil drawn 
sm 5PC/ . sm -DiM ^ 

from any point P to the four points -4, B, G, D, has a constant 

anharmonic ratio. 



19—2 
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ANSWERS TO THE EXAMPLES. 



CHAPTER III. 

1. (I) y+2a;=l. (2) a; = 2. (S) y = a;. (4) x = 0. 

2. y-4 = -S(a:-.4), y-4> = ^{x-4). 

3. y-l = (V3-2)a;, y- 1 =-(^3 + 8)0. 

6. 90^ aj = -i, y = |. 7. 60*^. 8. 45^ 

9. y = ±(a;-a). 10. y = as. 11. 2^2. 

io ^ IQ _ _ ^ lA ^ y — ^ ^ 

U. — 77~1 ri\ • **'• •*' — y — F* *-4. "~; "" 7i — ~~"t"' 

J(a* + b^ ^ a-^f> a* b' a b 

15. (1) The origin. (2) T^wjo straight lines, y-x, and y = —.x. 
(9) Two straight lines a; = 0, and a; + y = 0. (4) The axes. (5) Im- 
possible. (6) Two straight lines x = and y = a, 16. (1} Two 
straight lines a? = a, and y = 5. (2) The point (a, 6). (3) The 
point (0, a). 17. The lines y = Xy and y=Sx, 19. 4y s= 5a;, 
and Sy + 2a; - 20 = 0. 20. Let a be the length of the side of 

the hexagon; the equations are to AB, x = 0'y AG, ffs/S^x; 
AD,y = xj3; A£:,x = 0; AF, y + xj3 = ; BC,y = J3{x'-a); 
BI),x = a; BE,y^JS{x''a)^0] BF, yj3 + x-a = ; CD, 
y + x^3 = ^aj3; OF, y j3-\-x = 3a; CF,Qy = aj3; DE, 
y-^j3a\ DFyyj3-'X = 2a', EF, y-xj3 = a J3. 21. If 

ipv Viii {^ y^i (^> y*) ^ ^^^ angular points, the co-ordinates of 

the point midway between the first and second are — ~ — , ^* ; 

similarly the co-ordinates of the point midway between the second 
and third points are known ; and then the required equation can 
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be found by Art. 35. 22. ^^^^ tan «. 24. - + ^ = 1, 

— = ^ : tangent of the angle between them — = — tt- • 29. The 

points whose abscissae are a + j-J{a* + 6") and a— ^^(a' + 6*). 

31. v ^^-^^ . 35. go^ 36. -P(a) = gives a system 
j1 + c 

of lines through the origin ; sin d^ = gives the three lines a? = 0, 

y = 05 JSy y = — 05 ^3. 40. The second pair of lines bisect the 

angles included by the first pair. 45. Take as origin and 

use polar equations to the given fixed straight lines. 



CHAPTER IV. 



1 5+2^-^4.^ 



13. (mw'— m'w) u + (wZ'- n'l) v + (W — Vm) lo = 0. 

14. a5(t6-'y)4-c(6 + a)t(7*0. 

18. To CF,2mv~nw = ; to DP, ^lu -^ 2mv + nw = ; 
to AQ, lu — 2mv + 2nw =» ; to BQ, lu — 2mi? = 0. 

23. It may be shewn that if w = 0, v = 0, w = 0, denote the 
sides of the triangle, the lines AP, BP, CP, may be denoted by 
Tnv — nw = 0, nw -lu = 0, and lu - nw = respectively ; then 
the equations to the other lines oan easily be expressed. 

CHAPTER V. 

1. {af + t/'Y^a^a^-y'y 3. y" = cV2a:'-J. 



4. y" sin* o = 4aa5'. 



CHAPTER VI. 



1. (1) Co-ordinates of the centre 2 and — 2, radius 3. 
(2) Co-ordinates of the centre - 3 and f , radius J. 

2. The first line meets the circle at the points (— 4, 3) and 
(3, - 4) ; the second at the points (0, - 5) and (- 5, 0) ; the third 
totu^ss it at the point (~ 4, — 3). 



^ 
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5, 0^ - aj (a/ + a/') + y* - y (y + y") + x'xf' + y'y" = 0. 

8. For determining the absciss® of the points of intersection we 

have the equation ^ ( 1 + Tt ) + -r- (P ~^) ^ "" 2(kc + A;*— 2hk = ; 

if the line touches the circle we must have {kh — ha)* + 2kh(ka + A6) 
= A'Aj*. 9. 2y+3a;a=0. 14. a^ + y*~ajy- Aay-Ay = 0. 

15. Inclination of axes 120^ ; co-ordinates of the centre each » A; 
radius s ^ 16. Inclination of axes 6(f ; co-ordinates of the 

centre each ~ - ; radius ^-^r. 17. a5* + y*4-xy^2 — 9 = 0. 
18. ^• + y« + ay + aj + y-l = 0. 19. "^ ^^^ '-. 

23. a:' + 2^ = a(a; + -^); r = -^cosra-g\ 27. A cirda 

28. Use the equation in question 26. 29. Using polar 

co-ordinates, we have 

r + J{r* + o* - 2ra cos^)=/]r' + a'- 2ra <50s f ^ - ^ J J- ; 

reduce and we get \ J3 r-^^a cos [d— ?) f = j t^^s *lie locus is 

the circle circumscribing the triangla 

30. 8in*a + sin^/5 + sin'7+ ... =cos*a + cos*/5 + cos'7+ ... 
and sin 2a + sin 2)3 4- sin 27 4- ... =0. 

33. If the perpendiculars are both on the same side of the line 
the locus is a circle ; if on difiTerent sides the locus consists of two 
straight lines. 34. A circle. 



CHAPTER VIII. 

1. y = 2a;. 2. y' = 5ax - a?. 4. The second curve 

is a parabola having its axis coinciding with the negative part of 
the axis of y ; the curves intersect at the origin and at the point 
a; = 4a, y =a — 4a. 5. y^x-\-a» 6. tan~*^. 7. y + x^Sa, 
8. At the point {Qa, — 6a) ; length 8a J2. 9. y = 2a ^3, 

x^Sa. 11. The abscissa of the required point is or ^ 

13. The curve is a parabola having its axis parallel to that of y, 
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ajid its vertex at the point a; = ^, ^ = i- The line is a tangent at 
tlie point 05 = 1, y = 0. 20. Abscissa of required point is 

4a \V "^ ^ / ' ^^^^**® ~ \V" ■*■ ^) ^ 1®^^^ ^^ ^^^^^ :^ (^" + y") • 

22. Lociis of ^, a; = — 2a. Loctis of Q', a^ = a^. 23. Refer 

the parabola to FT and the diameter at F as* axes. See Art. 151. 
25. See Art. 155* 27* Transform equation (l) of Art. 125 

to polar co-ordinates, and we shall deduce r = 2a P^ -, 

28. Use the result of the preceding example. 

rt^ ^ sin =t J(— cos 2d) orv T 11 

29. r = 2a ^^-^^ ^. 30. Locus a parabola: 

cos* 6 ^ 

see Art. 147. 32. Jx-¥jy = J{a2 J2), 33. (3/ - a:')* 

— 8ax'^2 = 0, 34. of + i/^ - x (a + xT) - yt/ -^ aa/ = 0, 

37. Use the result of example 5, Chap. vi. 41* The equation 

to one tangent can be written y = m{x+a) + — , (see example 40), 

and that to the other y = (a; + a') — a'm. By eliminating m 

we have for the required locus a; + a + a'= 0. 44. Form the 

equation which determines the ordinate of a point in a parabola 
such that the normal shall pass through a given point ; the equa- 
tion will be a cubic. 45. The tangents of the inclination to 
the axis of x of the three normals that can be drawn through a 

point (aj, y) are determined by the equation m^ + m\2 j +-=0. 

See Art. 1 35. Suppose mj, mj, m^, the roots of this cubic, then by the 

X 

theory of equations Wj + mj + mg = 0, m^m^ + m^rrii + Wimj = 2 — , 

Wi WaTWa = — - ; if two of the normals are at right angles we may 
put 7/127^3=— 1 j from these equations by eliminating mi, mj, and tw^, 
we find y* = «(«!- 34 47. ^(^^^^ - 
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CHAPTER IX. 
I, — , 2. y-hex^a; the intercept on the axis of 

a = - ; and the intercept on the axis of y = a. 3. y + ae* = - . 

4. The excentricitj is determined by e* + e* = 1 . 5. y = - (a; + a) ; 

b'x h 

y = -J- ; the lines are parallel if 2e' - 1. 6. y =» — (x — ae); 

the absclBsa of the point of intersection is r. 

7. y = .(l+.)(a:-a); tan ^^^-j;-^^. 8. ^^^^^^^J - 

a' 6* 

9. The co-ordinates of the point are x = -77-5 — rj: > y = 



10. The co-ordinates of the point are x==—7-, y = -^. 

X ft 

22. - cos + T sin ^ = 1. 25. An ellipse. 28. a:* + y* 

— a (oe + a/) — yy' + (leaf « 0. 30. If the point (A, A?) be between 

the directrices, the sum of the perpendiculars is —n-ii» — 1««\ i ^ 

the point (A, Ic) be 9%o£ between the directrices, the sum of the p^- 

pendiculars is ± ■ . . ^^ — riTiv j the upper or lower sign being taken 

according as ^ is positive or negative 32. y = ^x^ J{a* + 6*). 

See Art. 171. 34. Locus is the circle a^-^y^ — a' + b^; this 

may be deduced from the second part of example 33. 42. The 

iirst part of this example may be solved by finding the equation to 
the line passing through the points of intersection of the two 

eUipses. 45. of + y" = {a' + b')^ {x + y). 48. a'{y' + 2yk) 

+ 5^ (35* + 2och) = 0. 52. The co-ordinates of the required 

ae(b — a) aft (1—6*) , ,. 
pomt are aJ=-T^ r^, y'^~ir a~^ ^ *^® ^^ ^^ paralld 

when e* + e' = 1. 53. The locus is an ellipse ; if ui be the 

origin, AB the axis of x, each of the co-ordinates of the focus 
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is equal to half the radius of the circle. 54. -vj- . 55. Put 

€L COS <p for X and 6 sin for y in the preceding result, (Art. l68) ; 

then the greatest value is —^ . 57. Let P denote a point on 

tlie ellipse, and Q the centre of the circle inscribed in the triangle 

SI^H ; then if y' be the ordinate of P it may be shewn that the 

,. p.i. . 1 1.1 area of triangle ASPiZ e^ ^,. 

radius of the circle which = : : — - — °^^ . r- ~ t^— ; this 

semipenmeter of triangle 1 +e 

is the ordinate of Q ; the abscissa of Q may be expressed in terms 

of the co-ordinates of P since Q is on the normal at P ; thus it 

'wtII be foimd that the required locus is an ellipse. 

CHAPTER X. 

1. 356 {ha/ — a^) + ya {ay^ + ha/) = a^h\ 2. Refer the ellipse 

to the diameter and its conjugate as axes. 3. See Art. 11. 

8. r (a' sin* d-^b" cos* 6) = 2a6' cos 6, 12. Result the same 

as that in Ex. 11. 13. They intersect when ^ = and when 

TT 

= - . 14. The equations to the tangents at the ends of the 

latera recta are, (Art. 205), 

r (e cos ^ + sin 0) = a (1 — e') ; r (sin ^ - e cos 6) = a (l + e*) ; 

r (e cos ^ — sin ^) = a (1 - c') ; r (sin ^ + e cos ^) = - a (1 + e*). 
The equations to the tangents at the ends of the minor axis are 
r sin ^ = 6 ; r sin ^ = - 6. 15. A straight line through S. 

See Art. 205. 17. cos 6 « - > , r = a (l + ee\ 18. Be- 

1 + ee ^ 

h n 

tween - and =- . 20. See Art. 208. 30. It may be shewn 
a o 

that the axis of the parabola must coincide with one of the axes of the 

2a' 26* 

ellipse, hence the latus rectum will be either ,. , .-> or ., , -_ . 

31. An ellipse. 32. An ellipse. 35. Use the pokur 

equations to PQ and pq ; see Art. 205. 41. The abscissa is 

:; — — . and the ordinate -^ . 44. The greatest 

h a ° 
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value may be found by substituting for a/ and %/ their values from 
Art 168 ; it is o5 (^2 - 1). 47. An ellipse. 48. An 

ellipse referred to its equal conjugate diameters. 



CHAPTER XL 
1. y* — Sos* = - Sa'. 2. A straight line. 

CHAPTER XII. 

4. Take the centre of the circle as the origin, AB as the axis of 
Xy and a diameter parallel to FQ as the axis of y; then the locns 
is given by the equation y* = ic* — a', and is therefore a rectangular 
hyperbola referred to conjugate diameters. 9. Use Art. 205. 

10. Both the diameters must Tneet the curve; it will be found 
that this requires the conjugate axis to be greater than the trans- 
verse axis. 

CHAPTER XIII. 

1. The equation may be written (a? — 2y) (oj — 2y — 2a) = 0, and 

therefore represents two parallel straight lines ; a line parallel to 

them, and midway between them, will be a line of centres. 

6 c 

2. h = -, ^ = - * 3. Two parallel straight lines. 4. A 

parabola. 5. An hyperbola. 8. The locus is then a 

a /2 
straight line which coincides with the equal axes. 1 1. — ^^ . 

13. Tan"* T. 17. (1) A circle about the other focus of the 

given ellipse as centre ; (2) an ellipse about the other focus of the 
given ellipse as focus, and having the same excentricity as the 
given ellipse. 18. The equation is (y— Sa; + l)(y-2a;+4)«0, 

and therefore represents two straight Unes. 
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CHAPTER XIV. 

2. Each locus is an ellipse. 4, 5, 6. Use the equation 

Art. 294. 10. The equation to the hyperbola is {y — k) h^x 

= (« — ^)a'y. 12. An hyperbola. 13. Locus a conic 

section, which passes through H and R, and through the inter- 
section of the fixed lines. 18. A circle haying its centre on 
the line joining the two points. 19. Two loci, an ellipse, 
and a parabola. 20. A circle. 23. See Art. 293. 
29. r sin 2^ = c. 38. A circle having its centre at H. 

a* 



CHAPTER XV. 

6. J a + JP + ^y = 0. 10. The equation to the conic sec- 

tion being ^^y+m7a+7ia/3 = 0, that to A^B is (m+w)a + Zy=0, 
that to A'G is (m + w) o + ^/3 = 0, and that to A'B^ is (m + w) a 

-h(Z + w)/5-W7 = 0. 21. -+~+- = 0. 
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IfAUBIGE.'-Thoaghts on the Duty of a Protestant, in the 

Oxford Election of 1847. 8yo. U, 



BKAUBIGE.—The Case of Queen's College, London. 

A Letter to the Lord Bishop of London, in reply to the " Quarterly B^view." 
8vo. Is. 

MAUBICE.— Lectures on Modem History and English 

Literature. {Preparing, 

MAURICE.—Law's Remarks on the Fable of the Bees, with 

an Introduction of Eighty Pages by FREDERICK DENISON MAURICE, 
M.A. Chaplain of Lincoln's Inn. Fcp. Svo. cloth, i§. 6d. 
**Tbla introduction diuuues the Relicious, PoIitieaU Social, and Etbieal Tbeorlcs oT oar 

day, and ihowf the ipMial worth of Law*i method, and how fkr it is applicable to our eir- 

eumstaoeei.** 

MINUCIUS FELDL— The Octavius of Minucius Felix. 

Tcanslated into English by LORD HAILES. Fcp. Svo. cloth, Ss. 6d. 

NAPIER.— Lord Bacon and Bir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh Review and of the Encpclopadia Britanniea, Post 8vo. 
cloth, 7«. 6d. 

NIND.— Sonnets of Cambridge Life. By Rev. W. NIND, M.A. 

Fellow of St. Peter's College. Post 8yo. boards, 2», 

NORRIS.— Ten School-Room Addresses. 

Edited by J. P. NORRIS, M.A. Fellow of Trinity College, and one of Her 
Majesty's Inspectors of Schools. 18mo. sewed, %d. * 

PARKINSON.— A Treatise on Elementary Mechanics. 

With numerous Examples. By S. PARKINSON, M.A. Fellow and Assistant 
Tutor of St. J ohn's College, Cambridge. [Preparing . 
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PARMINTER.— Materials for a Grammar of the Modem 

English Language. Designed as a Text-book of Classical Grammar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY PARMINTER, of Trinity College, Cambridge; Rector 
of the United Parishes of SS. John and George, Exeter. Fcap. 8to. 

INearly ready, 

PAYN.— Poems. 

By JAMES PAYN. Fcp. 8vo. cloth, 5*. 

PEARSON. Elements of the Calculus of Finite DilQEerences, 

treated on the Method of the Separation of Symbols. By J. PEARSON, M.A. 
Rector of St. Edmund's Norwich, Mathematical Master of Norwich Grammar 
School, and formerly Scholar of Trinity College, Cambridge. Second 
Edition, enlarged. 8vo. 5«. 

PEROWNE.-" Al-Adjrumiieh." 

An Elementary Arabic Grammar, with a Translation. By J. J. S. PEROWNE, 
M.A. Fellow of Corpus Christi College, Cambridge, and Lecturer in Hebrew 
in King's College, London. 8vo. cldth, 5«. 

PHEAR.— Elementary Mechanics. 

Accompanied by numerous Examples solved Geometrically. By J. B. 
PHEAR, M.A., Fellow and Mathematical Lecturer of Clare Hall, Cambridge. 
8vo. cloth, 10«. 6cf. 

PHEAR.--Elementary Hydrostatics. 

Accompanied by numerous Examples. Crown 8vo. cloth, bt. 6d. 

PLATC—The Republic of Plato. 

Translated into English, with Notes. By Two Fellows of Trinity College, 
Cambridge, (J. LI. Davies M.A., and D. J. Yaughan, M.A.) Crown 8vo. 
cloth, 7t. 6d. 

PURTON.— The Acts of the Apostles. 

With a Paraphrase and Exegetical Commentary. By JOHN SMYTH 
PURTON, M.A. Fellow and Tutor of St. Catherine's Hall, Cambridge. 8to. 

[Prq[>aring. 

PRATT.— The Mathematical Principles of Mechanical 

Philosophy. By J. H. PRATT, M.A., Fellow of Caius College. 

*«* The above work it now out of Print: but the Part on STATICS hat been re- 
edited by Mr, Todkunter, with numerout alterationt and additiont: the Part on 
DYNAMICS, bp Mettrt. Tait and Steele, it preparing. The other parts will be pub- 
lished in separate forms, improved and altered as may seem needfUl. 



n HACHIIiLAN & OO.'S PUBLICATIONS. 

PROCTER.— A History of the Book of Common Prayer : with 

a Rationale of iU Offices. By FRANCIS PROCTER, M.A., Vicar of Witton, 
Norfolk, and late Fellow of St. Catharine Hall. Crown 8vo. cloth, 10«. 6d. 

*«* This is part of a series of Theological Muiuals, now in progress. 

PUCELE.— An Elementary Treatise on Conic Sections and 

Algebraical Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners. 
ByG. HALE FUCKLE, M.A., St. John's College, Cambridge; Principal of 
St. Mary's College, Windermere. Crown 8to. cloth, 7s. 6d. 

RAMSAT.— The Catechiser's Manual; or, the Chorch Cate- 
chism illustrated and explained, for the use of Clergymen, Schoolmasters, 
and Teachers. By ARTHUR RAMSAY, M.A. of Trinity College, 
Cambridge. 18mo. cloth, 8«. 6d, 

REICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University; 
Chaplain to his Excellency the Lord Lieutenant of Ireland ; and late Don- 
nellan Lecturer in the University of Dublin. Crown Svo. cloth, 7t, 6d, 

THE RESTORATION OF BELIEF. 

By ISAAC TAYLOR.. Complete in One Volume, Crown Svo. cloth, St. 6d. 

Contents. I. — Christianity in relation to its Ancient and Modem Anta- 
gonists. II. — On the Supernatural Element contained in the Epistles, 
and its bearing on the argument. III. — The Miracles of the Gospels con- 
sidered in their relation to the principal features of the Cliristian Scheme. 

ROBINSON.—Missions urged upon the State on grounds 

both of Duty and Policy. An Essay which obtained the Maitland Prize in 
the year 1852. By C. K. ROBINSON, M.A., Fellow and Assistant Tutor of 
St. Catharine's Hall, Cambridge. Fcp. 8vo. cloth, 3*. 

ROSE (Henry John).— An Exposition of the Articles of the 

Church of England. By HENRY JOHN ROSE, B.D. late Fellow of St. 
John's College, and Hulsean Lecturer in the University of Cambridge. 

iPreparing, 
*»* This is part of a Series of Theological Manuals now in progress. 

SALLUST.-SaUust 

The Latin Text, with English Notes. By CHARLES MERIVALE, B.D., 
late FeUow and Tutor of St. John's College, Cambridge, &c.. Author of a 
"History of Rome," &c. Crown 8vo. cloth, 5*. 
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SELWYN.— The Work of Christ in the World. Pour Sermons, 

preached before the University of Cambridge, on the four Sundays preceding 
Advent in the year of our Lord 1854. By the Right Rev. GEORGE 
AUGUSTUS SELWYN, D.D. Bishop of New Zealand, formerly Fellow of 
St. John's College. Third Edition. Crown 8vo. 2s. 

SELWYN.-A Verbal Analysis of the Holy Bible. 

Intended to facilitate the translation of the Holy Scriptures into Foreign 
Languages. Compiled by THE BISHOP OF NEW ZEALAND, for the use 
of the Melanesian Mission. Small folio, cloth, 14«. 

SIMPSON.— An Epitome of the History of the Christian 

Church during the first Three Centuries and during the Time of the Refor- 
mation, adapted for the use of Students in the Universities and in Schools. 
By WILLIAM SIMPSON, M.A. With Examination Questions. Second 
Edition, Improved. Fcp. 8vo. cloth, 5s, 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken firom 
the Cambridge Examination Papers. With especial reference to the ordinary 
Examination for B.A. Degree. By BARNARD SMITH, M.A., Fellow of St. 
Peter's College, Cambridge. Crown 8vo. cloth, lOs. 6tf. 

SMITH.— Arithmetic for the nse of Schools. By BARNARD 

SMITH, M.A. Fellow of St. Peter's College. Crown 8vo. cloth, 4s. 6d. 

*^* This has been published in accordance with very numerous requests fi-om 
Schoolmasters and Inspectors of Schools. It comprises a complete reprint of the 
Arithmetic from Mr. Smith's larger work, with such alterations as were necessary 
in separating it from the Algebra ; with many additional Examples, and references 
throughout to the Decimal System of Coinage. 

SMITH.— Mechanics and Hydrostatics, in their Principles 

and Application : with numerous systematically arranged Examples, taken 
from the Cambridge Examination Papers. With a special reference to the 
Ordinary Examination for B.A. Degree. By BARNARD SMITH, M.A. 
Fellow of St. Peter's College, Cambridge. [Preparinff. 

SNOWBALL.— The Elements of Plane and Spherical 

Trigonometry. Greatlyimproved and enlarged. By J. C. SNOWBALL, M.A. 
Fellow of St. John's College, Cambridge. Sightlk Edition. Crown 8vo. 
cloth, 7s. M. 

TAIT and STEELE.— A Treatise on Dynamics, with nume- 
rous Examples. By P. G. TAIT, Fellow of St. Peter's College, and Profess At 
of Mathematics in Queen's College, Belfkwt, and W. J. STEELE, Fellow of 
St. Peter's College. [Preparing. 

* This will be a new Edition of that part of Pratt's Mecham'cal Philosophy 

which treats of Dynamics, with all the additions and improvements that 
seem needful. 
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THEOCRITUS.— Theocritus. 

The Greek Text, with English notes, Critical and Explanatory, for the use of 
Colleges and Schools. By E. H. PEROWNE, M.A., Fellow of CorpuA 
Christi College. Crown 8yo. [Preparing. 

THEOLOGICAL Manuals. 

Just published : — 

CHURCH HISTORY : THE MIDDLE AGES. By CHARLES HARD- 
WICK. With Four Maps. Crown 8to. cloth, price 10«. 6d. 

THE COMMON PRAYER: ITS HISTORY AND RATIONALE. By 
FRANCIS PROCTER. Crown 8to. clotii, 10«. Sd. 

A HISTORY OF THE CANON OF THE NEW TESTAMENT. By 
B. F. WESTCOTT. Crown Svo. cloth, 10«. 6d, 

In the Press : — 

CHURCH HISTORY, THE REFORMATION. By CHARLES HARD- 
WICK. 

The following will shortly appear : — 

INTRODUCTION TO THE STUDY OF THE OLD TESTAMENT. 

NOTES ON ISAIAH. 

INTRODUCTION TO THE STUDY OF THE GOSPELS. 

EPISTLES. 

NOTES ON THE GOSPELS AND ACTS. 

EPISTLES AND APOCALYPSE. 

CHURCH HISTORY, THE FIRST SIX. CENTURIES. 

17th century to THE PRESENT TIME. 

THE THREE CREEDS 

THE THIRTY-NINE ARTICLES. 

*»* Others are in progress, and will be announced in due time. 

THRING.— 1. The Elements of Grammar taught in English. 

By EDWARD THRING, M.A. Head Master of the Royal Grammar 
School, Uppingham ; late Fellow of King's College, Cambridge. Second 
BditlOtt. 18mo. bound in cloth, 2s. 

THRING.— 2. The Child's Grammar. 

Being the substance of the above, with Examples for Practice. Adapted for 
Junior Classes. A New Edition. 18mo. limp cloth, Is. 

THRUPP.— Psahns and Hymns for Public Worship. Selected 

and Edited by JOSEPH FRANCIS THRUPP, M.A. Vicar of Barrington, 
late Fellow of Trinity College. 18mo. cloth, 2s, Second paper in limp 
cloth, U. ^. 

THRnPP.—Antient Jerusalem : a New InvestigEttion into the 

History, Topography, and Plan of the City, Environs, and Temple. Designed 
principally to illustrate the records and prophecies of Scripture. With Ma{» 
and Plans. By JOSEPH FRANCIS THRUPP, M.A. Vicar of Barrington, 
Cambridge, late Fellow of Trinity College. 8Vo. cloth, 15«. 
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TODHUNTEB.— A Treatifie on the Differential Galonlas ; and 

the Elements of the Integral Calculus. With numerous Examples. By 
I. TODHUNTER, M. A., Fellow and Tutor of St. John's College, Camhridge. 
Second Edition. Crown 8vo. cloth, 10«. 6d. 

TODHUNTER. — A Treatise on Analytical Statics, with 

numerous Examples. Crown 6vo. cloth, 10«. 6d. 

" A first-rate text-hook."— J'ounia/ of Bdueation, 

TODHUNTER.— A Treatise on Plane Coordinate Geometry. 

With numerous Examples. For the Use of Colleges and Schools. Crown 8yo. 
cloth, 10«. 6d. 

TODHUNTER.— A Treatise on Algebra, for the Use of 

Students in the Universities, and of the Higher Classes in Schools. 

IPrqMring, 
Al$o by ike iame Author, 

An Elementary Work on the same subject, for the use of 

Beginners. 

TRENCH.— ^Synonyms of the New Testament. 

By RICHARD CHENEVIX TRENCH, B.D., Vicar of Itchenstolie, Hants, 
Professor of Divinity, Kiog's College, London, and Examining Chaplain to 
the Bishop of Oxford. Third Edition, revised. Fop. 8vo. cloth. Us. 

TRENCH.— Hnlsean Lectures for 1845—46. Third Edition. 

CoiTTKiiTB. 1.— The Fitness of Holy Scripture for unfolding the Spiritual Life 
of Man. 2. — Christ the Desire of all Nations ; or the Unconscious Pro- 
phecies of Heathendom. Foolscap 8vo. cloth, 6«. 

For VERIF7ING DATES. 

A perpetual Almanac for detennining Dates past, present, and future; with 
a Lunar Kalendar and Tables of the more important Periods, Mna, Festivals, 
and Anniversaries. Price 6d. 

*»* This is so printed, that if the margin he cut off it may be carried in a 

pocket-book. 

WESTCOTT.— A general View of the History of the Canon of 

the New Testament during the First Four Centuries. By BROOKE FOSS 
WESTCOTT,' M.A., Assistant Master of Harrow School; late Fellow of 
Trinity College, Cambridge. Crown 8vo. cloth, I2s. %d. 

WESTCOTT.— An Introduction to the Study of the Gospels ; 

Including a new and improved Edition of " The Elements of the Gospel 
Harmony." With a Catena on Inspiration, flrom the Writings of the Ante- 
Nicene Fathers. Crown 8vo. cloth. [Preparing. 

*«* These three books are part of a series of Theological Manuals which are now in 

progress. 



